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Finite difference approximation

Second-order FD approximation for «'(z;)

Ujrl — Uj—1

2h

in the matrix-vector form (with periodic boundary)
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Finite difference approximation

Taylor's expansion for u(z) at x;1,

u”(az-) u///(x.)
u(@jpr) = ulzs)+o (25) (@5 =)+ = (@501 —25)" + = (@01 =) 4
one can approximate u’(x;) by
u(zjpr) —uley)  u’(z)) u” (z;)
() = = 2B g — ) = S (g — )P+
Lit1l — L4 2 3!
Tj+1 = Zj
by the same way the Taylor’'s expansion for u(z) at x;_1,
u' (1 ' (x
u(@j—1) = u(@;)+u'(z;)(Tj—1—2;)+ : J)(Hfj—l—é’fj)QJr 3(, J)(%—l—ﬂfj)?’ﬂL :
one can approximate v’ (z;) by
w(z;) — u(x,;— uw' (z; uw' (x
’U/(CUJ) — ( .7) ( J 1) . ( J)(SUJ _mj—l)—i_ ( ])(mj 55'3—1)2‘}‘ :
Lj — Lj—1 2 3!

u(z;) —u(wj—1)
: ~ + O(Ax),
gg_ﬁlig%*m Ty i1
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Finite difference approximation

combine
. _ . oo u' (x;) o u'(xy) 3
u(rjr1) = u(zy)+u(zj)Az+ (Azx)” + a) (Ax)” +
, u () u'"’(x;)
u(zj—1) = @) —u(@;)Ar+ — (Ax)® — 30 (Az)? +

one can approximate v’ (x;) by

u(zjp1) —u(xj—1) u"(x;)
wizg) = oAe  za3 Bt
u(xjp1) —u(x;—1) 2
~ O(A

9 4th-order approximation
2 Runge-Kutta method

2 differential matrix

EE;LE.IE% i
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By local interpolation

Fory=1,2,...,N:
2 Let p; be the unique polynomial of degree < 2 with
pj(zj1) = uj1,p;(x;) = uj, and p;(x;41) = wjp.
2 u(x;) = pi(a).

Then the interpolant p; Iis given by
pi(r) = uj1a_1(x) + ujao(z) + ujy1a:1(x)
where
ai(z) = (2= x,)(x — 3541) /201
a(z) = —(z—z;00)(w — 310)/2h°

EENTHU Q) a1(z) = (z—mz;_1)(z—x;) /2R
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Generalization to fourth-order

Fory=1,2,...,N:

2 Let p; be the unique polynomial of degree < 2 with

pj(Tje1) = wjr1,pi(z;) = uj, and p;(z;42) = ujLo.

2 u(x;) = pi(a).
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Test of the convergence: FD

10

u(z) = @ Du(z) = /().

Convergence of fourth—order finite differences

error
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Euler's method

For a first-order differential equation:

y'(t) +ay(t) =7, with y(0) = yo,

has the following analytical solution,

Euler's method:

y(t + h})L B y(t) + ay(t) = r

y(t+ h) =1 —ahly(t) + hr, with

with error of O(h)
gﬁE/ﬁ:’—ﬁ;l;l;!c%?W%

y(0) = o.
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Heun'’s trapezoidal method

For a first-order differential equation:

y'(t) = f(t,y),

v(ter) =u(t) + [ fepdt with y(to) = vo.

172

By trapezoidal integration method:

h
Ykt1 = Yk + = [f(tk,yk:) F(te+1,Yk+1)]

where yi11 IS unknown and can be replaced by yx11 ~ yr + hf(tr, yx).
Heun’s method:

h
Yk+1 = Yk + E[f(tkayk)af(tk—i—layk + hf(tk, yx))]

E’/_NTHUﬁHE”WIth error of O(h?)

FAEERIERRER
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Runge-Kutta method

Second-order Runge-Kutta method:

kl — h’f(tkayk)a

1 1
k2 — h’f(tk + Ehayk + §k1)7

Y1 = Yr + ko + O(h3).

Fourth-order Runge-Kutta method:

kl — h’f(tkayk)a
1 1
k2 — h’f(tk + Ehayk + §k1)7

1 1
ks = hf(ty + Ehayk + 5’@),

k2 — h’f(tk + h7 Yk + k3)7
k1 ko ks

ka
yk+1:yk‘|‘_‘|‘_+_+_+o(h5)°

6 3 3
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4th-order Runge-Kutta method

Fourth-order Runge-Kutta method:

kl — h’f(tk7yk)7
1

1
ko = hf(tx + §h,yk + §k1),

1 1
k3 — h’f(tk + §h’7yk + §k2)7

ko = hf(tr + h,yx + k3),

ki ko ks

— Ly 2B 42 o).
Yk+1 yk+6+3+3+6+()

1
Vi
. s bt . \\%\\
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Boundary value problems: 1D Bragg reflector

coupled-mode equation:

dE;(Z) — i0E.(2) +ikE_(2)
2
dE_(z

dz( ) = —i10E _(2) —ik"E (2

with the Boundary Condition:
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Boundary value problems: Homework  #1

detuning parameter:

where ngs = 1.45, A = 0.0005 [mm]. coupling constant:
k(z) = ko * F(2),

where xg = 0.5 [1/mm].

2 F(z) = 1, i.e. k is a constant: calculate

E4 (2=L)
E4 (2=0)
E_(z=0)
E4 (2=0)
3. compare to the analytical solution,

1. tranmission spectrum: T' = | 12 v.s. detuning J;

2. reflection spectrum: R = | |2 v.s. detuning .

sinh? \/(kL)2 — (6L)2
—i—z + cosh? \/(kL)2 — (6L)2

R —

where L = 10[mm] is the grating length, and estimate the absolute error in

EFENTHU yourS|muIat|on.
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Boundary value problems: Homework  #1

E”NTHU
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Boundary value problems: Homework  #1

2 F(z) = exp[—0.5 * (2 — L/2)?], i.e. apodization: calculate
E_(z=0)
E (2=0)

1. tranmission spectrum: | 2 v.s. detuning §;

2. reflection spectrum: | 12 v.s. detuning 4.
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Adaptive stepsize control: step doubling

There are two approximate solutions from x to x + 2h,

1. one step 2h:
y(z + 2h) = y1 + (2R)°p + O(R®) + ...

2. 2 steps each of size h:
y(x + 2h) = y1 + 2(h)°¢ + O(R%) + ...

The difference between the two numerical estimates is a convenient indicator of truncation
error,

A=y —yl

We can keep a desired degree of accuracy by adjusting A with the cost of 11 evolutions
(compared to 8).

- - # big step
L]
€ . .
* } two small steps
& » -
i T ——
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Embedded Runge-Kutta formulas

The general form of a fifth-order Runge-Kutta formula is

k2 = h f(zn + a2h, yn + b21k1)

ke = h f(xn + agh,yn + be1k1 + - -+ + besks)

Ynt+1 = Yn + c1k1 + c2ka + csks + caka + csks + coke + O(h°)

The embedded fourth-order formula is
Y1 = Yn + Cik1 + cika + ciks + cika + ciks + cike + O(R®)

and the error estimate is

6

A=yny1 —yny1 =) (ci — )k
1=1

EENTHU %
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Cash-Karp parameters

Cash-Karp Parameters for Embedded FEunga-Kutta Method

; I . . . " '*

(] L fl:j &y (i ;
1 7 2825
s 27648

2 | 2 . 0 0
a | = 3 0 250 18575
10 40 40 621 45384
1 3 g 3 [ 125, 13525
5 0 10 5 s AT

- 1 1 5 30 35 0 277

7 z T a7 R RRT

6 7 1631 175 575 14275 253 510 1

3 G206 12 13524 110552 4006 1771 4

7= 1 2 3 1 )
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Embedded Runge-Kutta formulas

2 A scales as h’.

9 |fwe take a step h; and produce an error A1, the next step h» is estimated as

ho = h1|—1°,
2 1|A1|

where A is the desired accuracy.

If A; is larger than A2 in magnitude, the equation tells how much to decrease the
stepsize.

9 A1 is smaller than A, the equation tells how much we can safely increase the
stepsize for the next step.

EENTHU (;E
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Stiff sets of equations

stiff occurs when there are two or more very different scales of the independent variable
which the dependent variables are changing. For example:

v = 998u + 1998w
vV = =999y — 1999

with boundary conditions
u(0) =1 v(0) =0

By means of the transformation
u=2y—=z v=—y+z
we find the solution

u=2e % —e—1000zx
u= —e ¥ 4+ e—1000x

gglﬁ;l!;g i
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Stiff sets of equations

If we integrated the system with any of the methods given so far, the presence of the
e~ 1000z term would require a stepsize h < 1/1000 for the method to be stable.

To cure this problem, one may use implicit integration methods.

EENTHU (}E
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Implicit integration methods

Consider the single equation,
/

Yy = —cy

where ¢ > 0 is a constant. The explicit (or forward) Euler scheme for integrating this
equation with stepsize h is

Yn+1 = Yn + hy,, = (1 — ch)yn.

Clearly this method is unstable if h > 2/¢, for then |y, | — oo as n — oo.
The simplest cure is to resort implicit differencing, backward Euler scheme,

Yn+1 = Yn + hy;H—l

or
Yn

1+ ch

Yn+1 =

This method is absolutely stable: evenas h — oo, y,+1 — 0, which is the true equilibrium

solution.

EENTHU (}E
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Implicit integration methods for sets of linear equations

For sets of linear equations

Y =-C-Y

where C is a positive definite matrix. Explicit differencing gives
Yne1 = (1 —=Ch) - Yy,

Now a matrix A™ tends to zero as n — oo only if the largest eigenvalue of A has
magnitude less than unity. Thus Y, is bounded as n — oo only if the largest eigenvalue

of 1 — Chislessthan 1, or

2
h <

4X7nxzw

where A4~ IS the largest eigenvalue of C. Implicit differencing gives

Yon+1=Yn+hY, 1, OF Ynpy1=(1+Ch)"' Y,

Thus the method is stable for all stepsizes h. The penalty we pay for this stability is that

we are, required to invert a matrix at each step.

EE.NTHU
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Semi-implicit integration methods

For a nonlinear system
Y = F(Y),

where F is a nonlinear operator, and the implicit differencing gives
Yrnt1 =Yn + hF(Yn+1)

In general this is some nasty set of nonlinear equations that hs to be solved iteratively at
each step.
Suppose we try linearizing the equations, as in Newton’s method:

OF
Yn—|—1 =Yn + h[F(Yn) + 8_Y‘Yn : (Yn+1 — Yn)]

where OF/0Y is the Jacobian matrix. Then

OF
Yoi1=Yn+h[1—h—]"1 F(Y,
+1 + h| 8Y] (Yn)

Solving implicit methods by Linearization is called a "semi-implicit" method.

EENTHU (}E
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Predictor-corrector method

For the ODE, v’ = f(«,y), from z,, to X,

y(z) = yn +/ f(z1,y)dz

2 Ina single step method, like Runge-Kutta, the value y,, 1 at x,,+1 depends only
On yn.

2 Ina multistep method, we approximate f(x,y) by a polynomial passing through
several previous points x,,, xn—1, ... and possibly also through z,,4+1. The resultis

Yn+1l = Yn T+ h[ﬁOf(xn—Flyyn—Fl) + Blf(xnyyn) + BZf(xn—layn—l) + - ]
If 5o = 0, the method is explicit; otherwise it is implicit.

9 Predictor step: for y,, 11, two methods suggest, functional iteration and Newton’s method.
1. take some initial guess for y,, 41,

2. insertit into the right-hand side to get an updated value of y,,4+1 until
converges.

EE.NTHU use some explicit formula for the initial guess.

ETETE LS ISR ERRM
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Adams-Bashforth-Moulton schemes

9 Corrector step:

1. Inthe predictor step we are essentially extrapolating the polynomial fit to the
derivative from the previous points to the new point x,, 1.

2. Then we doing the integral in a Simpson-like manner from x,, t0 x,,4+1.

Tr+1 Ax
/ f(z)dx ~ ?[f(xk—l) +4f(zr) + f(zpr1)] + O(AZ®),

k—1

3. The subsequent Simpson-like integration, using the prediction step’s value of
yn+1 1O interpolate the derivative, is called the corrector step.

9 Adams-Bashforth-Moulton schemes
1. Predictor:

h
Ynt1 = Yn + = [23F (2, yn) = 16f(Tn—1,yn—1) + f(zn—2,yn—2] + O(h*)

2. Corrector:

ETETE LS ISR ERRM

h
EENTHU % Ynt+1 = Yn + E[5f(xn—|-17yn—|-l) + 8f(£13n7 yn) - f(il?n_17yn_1)] + O(h4)
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Boundary value problem

For the differential equations:

dy; (x)
dx

:gi(m7ylay27'°'7yN)7 i:1727'°'7N
At x1, the solutions is supposed to satisfy

Blj(m17y17y27°'°7yN):Oa j:17°'°7n17

while at x2, it is supposed to satisfy

B2]€($27y]‘7y27'°'7yN):07 k:17'°'7n27

n1 boundary conditions at the starting point x1, and a remaining set of no = N — ny

boundary conditions at the final point z».

EENTHU %
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Boundary value problem: shooting method

For there are no = N — n freely specifiable starting values. Let us imagine that these
freely specifiable values are the components of a vector V that lives in a vector space of

dimension ns.

9 Givena particular V, a particular y(x1) is thus generated.
9 A y(x2) can be integrated by the ODEs to z2 as an initial value problem.

2 At o, let us define a discrepancy vector F, also of dimension n2, whose component
measure how far we are from satisfying the no boundary conditions at z-.

desired
— 4 boundary
value

required
boundary ¢
value . x
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Boundary value problem: shooting method

9 At x1, a particular initial condition is given
yi(r1) =yi(x1;Ve,..., Vo), i=1,...,N
9 The boundary condition at x2,

BQk(x27y17y27'°'7yN):O7 k:17'°'7n27

becomes
BQk(ZBQ,y):Fk, k‘ZI,...,’rLQ.

9 The problem becomes to find the root of the equation,
ng(ZEQ,V):O, kzl,...,ng.

for V.

EENTHU Qg
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Newton-Raphson method

2 Newton-Raphson mouthed for root finding,

Given F;(x1,z2,...,z2ny)=0 i=1,2,...,N
F(X 4 6x) = F(X) +J - 6x + O(6x?) = 0,

where the Jacobhian matrix J:
OF;

8£Cj .

Jij =
and the new solution Xpew = Xo1q + 0X, With
J-ox = —F.
9 Forthe boundary condition at x2, we have a correction term for V

J.8V=—F.

9 Then adding the correction back until it converges,

EENTHU % yrew —yyold | sy,
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Boundary value problem: finite difference method

Second-order FD approximation for «'(z;)

Ujrl — Uj—1

2h

in the matrix-vector form (with periodic boundary)

(W[

u'(z;) ~

S N
I
N~
_
—
—
_

N

N
N |

O N

N
N =

EENTHU Qg
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Finite difference approximation

Second-order FD approximation for u’(xj)

Uj+1 — Uj—1
2h

u'(zj) ~

in the matrix-vector form (with periodic boundary)

() [0 3 EAVECREN
. ~L 9 f
u’ =h! -1 0 31 U = T
0
\Uﬁv) \% ~1 O)\UN) \iUN)
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Jacobi iteration

IA\X:b7 . p— ,

Jacobi’'s method for iteration

L1 k+1 0 —2/3 L1k 1/3
L2 k+1 —1/2 0 L2 k —1/2

~ ~

Xpe1 = A - X, + b,

EENTHU (}E
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Gauss-Seidel iteration

Gauss-seidel iteration:

2 n 1
X = —=X -,
1,k+1 3 2,k 3
1 1
X = —=T — —.
2,k+1 9 1,k+1 9
form=12 ... N,
m—1 a N a b
(k+1) mn .(k+1) mn (k) m
€T — —_ _
" Z Amm " Z mm " " amm’
n=1 n=m-++1
m—1 k+1 N
_ bm Zn 1 mn "(7’ ) - Zn:m—i—l amn’f"(% )
Amm

converge more fast!
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Relaxation technique

relaxation technique:

bm B m—1 amn$%k+1) . N_ amnmff)
xgj—l—l) _ (1 . w)xgj) +ow anl Zn_ﬂﬂ—l

with 0 < w < 2
9 1 < w < 2: SOR, Successive Over-Relaxation,

2 () < w < 1: successive under-relaxation.

EENTHU %
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Relaxation method

\ st ilerition

e

required
boundary
value

required L _
boundary
value ‘
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