5, Nonlinear Equations and Nonlinear PDE

Nonlinear equation:

2 Iterative method

2 Newton-Raphson method

2 secant Method
Nonlinear Schrddinger equation:

oU 82U
' UI2U = 0
5 T o2 TIUI

2 Crank-Nicholson method

2 Slit-Step Fast Fourier Transform

2 Pseudospectral method
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Newton-Raphson method

2

EE.NTHU

BrATAS RHIESREMER

Newton-Raphson mouthed for root finding,

Given F;(x1,z2,...,zny)=0 i=1,2,...,N
F(X 4 0x) = F(X) + J - x + O(6x?) = 0,

where the Jacobian matrix J:
OF;

(9£Cj .

Jij =
and the new solution Xpew = Xo1q4 + 0X, With

J-ox = —F.
For the boundary condition at x2, we have a correction term for V

J-8V=—F.

Then adding the correction back until it converges,

ynew — Vold + V.
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Solitons in optical fibers

Nonlinear Schrédinger Equations: Hermitian System

D .
ZUZ — _EUtt_‘U‘QU ,|.e.
. B,
ihU, = —— 72U+ VU =HU
2m
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Dispersion/Diffraction effect

Trnsverse Dinenslon (a.]

o =3 ] =) = 10 12 ! 16 15 20
Propagation Dimension [=.u ]
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EE:NTH U \*) Propagaticon Dirmension [=.u ]
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Soliton communication system

Waveforms

Linear Pulse (FLlse Broadening due to GV
NN = s
Saliton Pulse {Nn:u Fulse Broacdenindg
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I& Eledrical Regeneration at _;.I l;
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Wave propagation
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with Periodic Boundary Condition
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Perfect Matching Layers

For the linear Schroédinger equation

) 1 02
—Wv = —— VY t
which can be written as
0 1 01 0
i—V(x,t) = — ——U(x,t)
2n 0x n Ox

where m, the mass, has been split into two spatially dependent functions n.
v :/ A(w)exp(:lzi/ kdz — iwt)dw,
0

where k = +n+/2w with ther term inside the exponential is positive for waves moving to
the left and negative for waves moving to the right. We can choose n to be, for example,

)]

T — X0

n = exp[iz’z(l — tanh
4 a

where z is the position where the PML starts and a is a parameter which determines

Eﬁf!ﬁﬁﬁ@ ess of the transition between 1 and .
|
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Radiation wave

Distance
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Fourier method

For the equation

oU . .
— =(D+ N)U,
0z

where D is a differential operator and NN is a nonlinear operator,i.e.

. D 02

p = 22
2 Ot2

N = i|U?U.

The split-step Fourier method approximat the differential and nonlinear operators
independently,

U(z+ h,t) ~ exp(hD)exp(hN)U(z, t).
The execution of the exponential operator exp(h.D) is carried out in the Fourier domain,

exp(hD)A(z,t) = {F lexp[hD(iw)]F}A(z,t),

= {F_lexp[—ingh)]F}A(z, t),

where F denotes the Fourier-transform operation.

; We replace the differential operator 0 /0t by iw.
EFENTHU (3 /
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Slipt-Step Fourier method

The accuracy of the split-step Fourier method can be improved by adopting a differenet
procedure to propagate the optical pulse over one segment from z to z + h,

z+

h
U(z+h,t) =~ exp(gf))exp[/ N(z’)dz’]exp(gﬁ)U(z, t),

z

1. Fourier transform for z to z + %:
D -h
Ui(t) = {F‘lexp[—'é;wQE)]F}U(z,t),
2. nonlinear integration:

Uz(t) = - [N(2) + N(z + h)]U1 (1),

N | S

3. Fourier transform for z + % to 2 + h:
D h
U(z + h,t) = {F_leXp[—i§w2§)]F}U2(t),

Eﬁlﬁatﬁﬂﬁwn as the symmetrized split-step Fourier method, with the accuracy of O(h?).
I

JPT-5260, Spring 2006 — p.13/34




FFT method for wave equation

1
ut + c(x) ug = 0, c(x) = - + sin?(z — 1),

2 Given u(z), compute U (k),
2 Define Uy, = (ik)*U(k),

2 Compute Dyu from Uy

\——
—

7
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FFT method for wave equation

Utt = Ugz + Uyy, —-1l<z,y<l1l, t>0, = 0 on the boundary

t=0 t=0.33333

AN 2
= //;;"l\ SSOA TN

=1 00:%% =
NN

<A
e 2 SN N

05%%0 “‘;““‘\\\\\:“:::‘
02, OIS ST SIS
23 o‘g‘:&‘:‘t‘:t}«“”

EENTHU %
BrATCS RHIRSRBRRN .

JPT-5260, Spring 2006 — p.15/34




Spectral method for Nonlinear Schrodinger equation

2 Take the solutions of linear Schrodinger equation as
basis, Hermite polynomials,

prale) = 3 S w)ote);

7=0
where f;(z) are taken as

HN_l(QZ')
Hyy_i(z5)(z — z5)
and the weight functions are taken as

a(x) = exp(—2?/2).

EENTHY Q)

filz) =
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Propagation of solitons

Nonlinear Schrodinger equation:

supports soliton solutions, U(t = 0, x) = sech(x).

o o
N
Intensitv [a.u.l

bdod do A ]
o
(2]

simulated by Fourier spectral + 4th-order explicit Runge-Kutta methods,

EENTHU 00 |
l"“'-*“””“’*““’“‘*"‘**”"‘*’*“ N, =128, N; =50, error = 10~5, indep. of N;; nlse.m.
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Soliton collisions

U(t =0,x) = sech(x 4+ o) + sech(xz — z0)

2.5+

simulated by Fourier spectral + 4th-order explicit Runge-Kutta methods,

_ N, =128, N; =50.
I
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Spectral method for Gross-Pitaevskii equation
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Bound solitons in CGLE

Complex Ginzburg-Landau Equation:

D
iUs + o U + UIPU = i6U +ie|U|?U + iBUy
ip|U'U — o|U U,

seek for bound-state solutions by propagation method.

Distance
L (5]

- ,
Time Tene

R.-K. Lee, Y. Lai, and B. A. Malomed, Phys. Rev. A 70, 063817 (2004).
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Coupled Nonlinear Schrodinger Equations

oU 10%°U
— +——— + AlUI*U + BlV]*’U =
i T 57 TAUPU+ BIVPU 0,
oV 10*V

— + ——— + A|VI*V + BlU*V =
ot o T V"V + B|U|*V 0,

seek for bound-state solutions by separatrix method.

z
IEl

0.5¢
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Time

R.-K. Lee, Y. Lai, and B. A. Malomed, Phys. Rev. A 71, 013816 (2005).
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Numerical methods for solving Nonlinear PDEs

2 1950s: finite difference methods
2 1960s: finite element methods

® 1970s: spectral methods
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Newton iteration method

1. To solve
f(z) =0,
2. Start with a guess =¥, then we can Taylor expand f(z),

f(@) = f@") + fo(aD) ]z — 29 + O([z — 21]?).

3. If the guess is sufficiently good, we can ignore the
guadratic terms and solve the linear equation for z,

(i+1) _ () f(x(i))
x = g

4. Iterate 2“1 by Step 3 until converge.

EENTHU Q)
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Newton-Kantorovich iteration method

1. Given a general nonlinear operator, N'(u) = 0.

2. We can expand it by a generalized Taylor expansion:
N(u+ A) = N(u) + Ny (u)A + O(A?),

where N, is called the Frechet differential,

ON (u + €A)

’LLAE e=0>
N Oe =0

and is a linear operator.

3. lterate vt by «* + A until A = 0, where A satisfies

Ny (uW)A = =N (u).
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NLSE

1. For time-independent NLSE, U(t,z) = e~ U (xz)

0*W )
pW(z) + ax2+\\If\\If—O

2. Expand Ut (z) = ¥'(x) + A, and A satisfies

0 i 2 A % i 0V
(p+ o — 2|V ) A+ TPA* = —(pP*(2)+ 53

—I—‘\IJZ‘Q\I/Z)

3. Start with a good initial guess, ¥%(z), then iterate ¢*+!

by Step 2 until A = 0.

4. In spectral method, 83—; IS approximated by a
differential matrix D,.

EENTHU Q)
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N=1 solitons in NLSE

Initial guess, ¥ (z) = Ae *"/*¢ (A =z, =1, 1 = 1.0).
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simulated by FS (Fourier spectral)+ NK (Newton-Kantorovich) methods,

N, =128, no. of iterations = 5; nlseground.m.
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N=2 solitons in NLSE

Initial guess, ¥ (z) = Ae */%¢ (A =z, =1, ;1 = 4.0).

u = 2 sech(x)
2 T T T T T T T T T

1.5F I _
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simulated by FS (Fourier spectral)+ NK (Newton-Kantorovich) methods,

EE.NTHU q } .
AT BHTIRR R RS N, =128, no. of iterations = 9; nlsen2.m.
I
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Gap solitons in optical lattices

1-D Gross-Pitaevskii equation with periodic potentials, V (z) = Vg sin? (kox),

) 1 92
’Lha@o(t,x) i —5 ﬁ@o(t,x) -+ V(CC)(I)O(t,x) _I_ ng‘¢O(t7x)|2¢0(t7x)

which has gap soliton solutions.
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by FS + NK methods, N, =512, no. of iterations < 10; gpeol.m.
, E. A. Ostrovskaya, Yu. S. Kivshar, and Y. Lai, Phys. Rev. A 72, 033607 (2005).
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Multichannel solitons in Bit-Parallel-Wavelength links

Bit-Parallel-Wavelength Link (BPW)

SINGLE
PARALLEL BITS 10-100 Gb/sac FIBER

N incoherently coupled NLSE,

8 0., a0, 2
where
N-1
Smj = 2 Z('Ym/%HAm‘Q
m#j

EENTHY Q)
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Stationary soliton solutions

By the transformation:

Ai(t,z) = uj(t)e:z:p(i%joz;lt +1);2),

BPW system becomes a coupled NLS equations:

— U n|US Uy = =Ug,
2 gz N0 A R0 T 50
oy, d*u., fym
m=£n

EENTHY Q)
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Two-channel BPW solitons

For N =2 (UO and Ul),

1 d2UO
2 dt?

1
+ (ug + 2mui)ug = 5 Yo

1 d2u1
2 dt?

+ (y1]ur]* + 2790luo|?)ur = Auy.
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Four-channel BPW solitons: the same profiles

For N = 4 (ug, w1, uz, and us),

EE.NTHU
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Four-channel BPW solitons: the different profiles

For N = 4 (ug, w1, uz, and us),
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|
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Laplacian eq. in a disk

Eigenmodes of Laplacian equations, [8822 + % 82 > lu(z, y)

E”NTHU

Mode 1
A =1.0000000000

o
e
D

Mode 6
A =2.2954172674

&>
<>

Mode 3
A =1.5933405057

Mode 10
A = 2.9172954551
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