8, Monte Carlo Method

a) Single path b) 1024 path mean

Random numbers with uniform deviates
Transformation method

Rejection method

v V O ¢

Random bits

2 Monte Carlo methods

[ - IPT-5260, Spring 2006 — p.1/29




Random Numbers

2 Philosophers: Any program will produce output that is entirely preditable, hence
not truly "random".

2 Random number generators: pseudo-random.

A good generator: to produce statistically the same results.

1. Uniform Deviates
2. Exponential Deviates

3. Normal Deviates

800
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Uniform Deviates

Uniform deviates are just random numbers that line within a specified range (typically 0
to 1), with any one number in the range just as likely as any other.

2 incC:
void srand(unsigned seed);
int rand(void);

2 in Matlab
s = rand('state’);
rand(’state’,s);
System-supplied rand() s are almost always linear congruential generators, which generate a

sequence of integers Iy, I2, Is, ..., each between 0 and m — 1 (e.g. RAND;; AX) by
the recurrence relation,

Ijt1=alj+c (mod m),

for example, a = 1103515245, ¢ = 12345, and m = 232.
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Uniform Deviates

a = 1103515245;
c = 12345;

m = 2°32;

Xj = 10000.0;

yI = xj/(m-1);

for indi = 1:1000

Xj1 = mod(a*xj+c, m);
yi = Iyi; Xji1/(m-1)];

Xj = X1;
end
hist(yj)); 140
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Quick and Dirty Random Number Generators

Constants for Quick and Dirty Random Number Generators

overflow at im ia ic overflow at im ia ic
6075 106 1283 86436 1003 18257
920 121500 1021 25673
7875 211 1663 250000 421 54773

221 EE'F
7875 421 1663 117128 1277 24740
222 121500 2041 235673
6075 1366 1283 312500 741 66037

6655 036 1300 928
11979 430 2531 145800 3661 30809
23 175000 2661 36070
14406 967 3041 233280 1861 40207
20282 410 6173 244044 1507 51740

53125 171 11213 229
224 130068 3877 20573
12060 1741 2731 214326 3613 45280
14000 1541 2957 714025 1366 150880

21870 1201 4621 930
31104 625 6571 134456 8121 28411
130068 205 20573 250200 T141 54773

225 231
20282 1255 6173 233280 9301 490207
81000 421 17117 714025 4006 150880

134456 281 28411 232

225
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Transformation method

2 For a unifrom probability distribution,

d, 0<x <1,
p(z)dz = { .
0, otherwise;

with the normalization condition,

/OO p(x)dz = 1.

— 0
2 Transformation law of probabilities,

lp(y)dy| = |p(z)dz|,

or

py) = pla)| 21

I
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Exponential Deviates

2 Exponential deviates:
y(x) = - ln(x)7
and p(z) is a uniform deviate,

d _
p(y)dy = | " |dy = e~ dy,
x

which is distributed exponentially.
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Transformation method

2 For the transformation method,

dx

has the solution x = F'(y), where F(y) is the indefinite integral of f(y).

2 To make a uniform deviate into one distributed as f(y) is therefore,

y(z) = F~(x).

The transformation method is to transform the inverse function of the ingegral of f(y).

1

uniform g m e e oo \ .
EFiv) =|||'in vidy

deviate in

= ply)

o
-
' \/
2 transformed
EE: N T H U deviate out
HrAETAS QTSR REH RN
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Normal (Gaussian) Deviates

2 More than one dimension,

o(xy,z2,...)
a(y17y27' . )

p(y1,y2,...)dy1dys - - = p(x1, x2,...)| |dy1dya ...,

where |0()/0()| is the Jacobian determinant of =’s with respect to the y’s.
9 Box-Muller method for normal (Gaussian) distribution,

1 2
d = -Y /2d :
p(y)dy N Y

Consider the transformation between two uniform deviates on (0, 1), =1 and z2,

yr = \/—2lnac1 cos 2wz,

Yo = \/—21n:131 sin 27xo,

I
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Box-Muller method

Box-Muller method for normal (Gaussian) distribution,

1 2 /9
p(y)dy = —e™ ¥ /?dy,
(y) o
3 Equivalently, consider the transformation between two uniform deviates on (0, 1),
T1 and T2,
1

m = expl—Z (v +v2)l,
1 Y2

ro = — arctan —,
27 Y1

2 The Jacobian determinant is

éktl é?xl
O@1,22) _ | Jyy  oys | _ _[Le—y%/Q][ie—yg/Q]
o(y1,y2) gZi gg; 27 27

_ e, derctan(a) _ 4 /(1 4 42),
EFENTHU Q0
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Normal (Gaussian) Deviats

By Box-Muller method
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Entangled sources for Quantum Information Science

In QIS, you need non-classical states as gbits.

2 Low-intensity limit:
Single photon sources, with definite photon number but
largest fluctuation in phase, which is intrinsic

non-classical states.

2 High-intensity limit:
Squeezed states, which are macroscopic,
continuous-variables, i.e.

M = My+ AM,
where M, is the classical (mean-field) variables, such
EE.NTHU %photon-number, phase, position, and momentum €etc.

BrATCS RHIRSRBRRN
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Phase diagram for EM waves

Electromagnetic waves can be represented by

E(t) = Eo[X sin(wt) — X3 cos(wt)]

where
X, = amplitude quadrature
X5 = phase quadrature
e 4,
o
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Phase diagram for coherent states

mean numba‘qﬂf photons i ,
< N >=< a|N|a >=< ald'd|la >= |a|?

phase of the field

EeNt Y || exp(if)

HEATAS QHITEY
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2005 Nobel Laureates

Glauber(Harvard) Hall(JILA) Hansch(MPI)

Roy J. Glauber: "for his contribution to the quantum theory of optical coherence,"

John L. Hall and Theodor W. Hansch: "for their contributions to the development of
laser-based precision spectroscopy, including the optical frequency comb technique."

Egﬁalglélx%m% from: http://nobelprize.org/
I
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Coherent and Squeezed States

Uncertainty Principle: AX;AX, > 1.

1. Coherent states: AX; = AXy = 1,

2. Amplitude squeezed states: AX; < 1,
3. Phase squeezed states: AXy < 1,
A

. Quadrature squeezed states.
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Phase diagram for squeezed states

squeezed vacuum state amplitude squeezed coherent light
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Generations of Squeezed States

Nonlinear optics:

. second Harmonic Generation

[y

Parametnc Oscillation

EFENTHU Q0

e |

Kerr Effect

Courtesy of P. K. Lam

¥ ¥

Parametric Ampification
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Interference of Coherent States

Coherent States

A Es
- & P Ec
+Es A 4ES
1
—_— 4 -
1
» Ec / > P Ec
2
A Es
N » Ec
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Generation of Continuous Variables Entanglement

Preparation EPR pairs by Squeezed Sates
A Es

a

AEs A A Es

EENTHU Q0D Shiy = — 0, 603 = 60,
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Definition of Squeezing and

Squeezing Ratio

A

M = M+AM
(ANP)
<AM2>CS SR < 1 : Squeezing

SR > 1: Anti — Squeezing

SR =

(: AAAB :)
NONEIN:E




Bound-soliton pairs in fiber lasers

Recently, formation of stable double-, -, and multi-
soliton bound states has been observed experimentally in
various passively mode-locked fiber lasers.
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N. H. Seong and Dug Y. Kim, Opt. Lett. 27, 1321 (2002); (Source of figures.)

E"E'_NTHUD ang, W. S. Man, H. Y. Tam, and P. D. Drummond, Phys. Rev. A 64, 033814 (2001).
GTREE RALRERER D I, F. Belhache, F. Gutty, and J. M. Soto-Crespo, J. Opt. Soc. Am. B 20, 863 (2003).
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Complex Ginzburg-Landau equation

Multiple-pulse generation in the passively mode-lock fiber
lasers is quite accurately described by the quintic Complex
Ginzburg-Landau equation (CGLE):

D
iu|U*U — v|U|*U,

2 U is the local amplitude,
2 D corresponds to dispersion (+1 for anomalous),
2 p account for the guintic correction to the Kerr effect,

2 9, u, and e are linear, cubic, and quintic loss/gain,

E”NTHU d ( accounts spectral filtering.

SRHIERRETRM
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Degenerate bound-state soliton pair solutions

There exist three bound pair solutions with the same

separation and amplitude but different relative phases, i.e.
0 = 0 (in-phase),

, and 0§ = « (out-of-phase).

2

8_
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i / \\ ,// \
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-2
Simulation parameters: D = 1,6 = —0.01,e = 1.8, 3 = 0.5,
EENTHU (30

Imer

—0.05,and v = 0.

smresnaieesnn N, N khmediev, A. Ankiewicz, and J. M. Soto-Crespo, Phys. Rev. Lett. 79, 4047 (1997).
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Quantum theory of bound-soliton in CGLE model, 1/2

1, we linearize the equation around the classical solution,
i.e. U(z,t) = Uy + 0(z, ), for the photon number in fiber
lasers are large enough,

d .

Sz, t) =
where P; and P, are two special operators defined as
follows,

Pi(z,t)u(z,t) + Pa(z, )T(z,t)Jrﬁ(z,t),

D 9? 82
Z?ﬁ —+ 22‘(]0‘2 -+ 5 + 2€‘U0|2 -+ 6

+ 3plU|* + 3iv|Us|?,
iUS + eUZ + 2pUUs + 2ivUZ U,

P1(Z,t)

732(2, t)
EENTHU Q)

JPT-5260, Spring 2006 — p.25/29




Quantum theory of bound-soliton in CGLE model, 2/2

2, to make perturbed quantum field, «, satisfies the Bosonic
communication relations in the linearized equation,

[0(z,t1), 07 (2,t9)] = 0(t1 — to),

[a(z, 1), a(z, t2)] = [4' (2, 11), a¥ (2, 12)] = O

3, we introduce a zero-mean additional noise operator,

AN

n(z,t), which satisfy following commutation relations,
iz, t1), 21, t2)] = {=Pur(z,t1) = Pi(2,12)}0(2 — 2)o(ts — 12
(2, t1), 712 )] = [A'(2,12),7(2, t2)] = 0.

E£.NTHU Qg R.-K. Lee, Y. Lai, and B. A. Malomed, Phys. Rev. A 70, 063817 (2004).

SRHIERRETRM
I
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Photon-number correlation parameters
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Photon-number correlation spectrain  ¢t-domain

EENTHU Q00
BrATCS RHIRSRBRRN
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Total photon-number fluctuations

=
a1

[
o

Total photon number fluctuation [dB]

5
] ]
% 1 2 3
Normalized distance (z)
EE.NTHU % R.-K. Lee, Y. Lai, and B. A. Malomed, Opt. Lett. 34, 3084 (2005).
BrATA2 QHIEDRETRM
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