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Four-Wave Mixing

a >~ W h e

Stimulated Raman effect

Ref:

Ch. 16 in "Quantum Optics,” by M. Scully and M. Zubairy.
Ch. 8 in "Quantum Optics,” by D. Wall and G. Milburn.
Ch. 9 in "The Quantum Theory of Light,” by R. Loudon.

IPT5340, Fall '06 — p.1/27



Squeezed State

9 define the squeezed state as

Ws) = S5(8)|0),
9 where the unitary squeeze operator
. 1 1
S(§) = exp[€ra® — Sga™

where ¢ = rexp(i0) is an arbitrary complex number.

2 squeeze operator is unitary, St(¢) = S71(¢) = S(—¢) ,and the unitary
transformation of the squeeze operator,

ST(€)asS() = acoshr —a'e sinhr,
ST(©)a'S(E) = a'coshr —ae ¥ sinhr,

2 for |\W) is the vacuum state |0), the |¥;) state is the squeezed vacuum,

patEE EEN & = S©10)
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Squeezed Vacuum State

2 for |\W) is the vacuum state |0), the |¥;) state is the squeezed vacuum,
€) = S(6)[0),

2 the variances for squeezed vacuum are

1
Aa? = Z[COShQT—i—SiHhQT—QSiHhTCOShTCOSQ],
Aeﬂ—l[ h? inh? r + 2sinh r cosh 0
5 = 4cos r 4 sinh® r + 2 sinh r cosh r cos 6],
2 for 6 = 0, we have
A2 1 —2r A2 1 +27r
Aaf = -e ", and Aa; = -e™7,
4

and squeezing exists in the a; quadrature.

9 forg = 7, the squeezing will appear in the as quadrature.
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Quadrature Operators

9 define a rotated complex amplitude at an angle 6/2

where
Y1 B cosf/2  sinf/2 a1
Yo —sinf/2 cos6/2 a2

2 then ST(ﬁ)(Yl + ’L}A/Q)S(ﬁ) = ?16_T + iYQGT,
9 the guadrature variance

s 1 o 1 LAY, = -
2 —2r AY22 — 164‘27", and AY1AY> = 1

2 in the complex amplitude plane the coherent state error circle is squeezed into an

error ellipse Of the same area,

e adri IR 43 the%dlegree of squeezing is determined by r = |&] which is called the squeezed
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Generations of Squeezed States

9 Generation of guadrature squeezed light are based on some sort of parametric
process utilizing various types of nonlinear optical devices.

2 for degenerate parametric down-conversion, the nonlinear medium is pumped by a
field of frequency w, and that field are converted into pairs of identical photons, of
frequency w = wy /2 each,

H = hwata + hwpbth + i (a2bT — at2b),

where b is the pump mode and a is the signal mode.

2 assume that the field is in a coherent state |Be~*“rt) and approximate the
operators b and b' by classical amplitude Be~“»t and B*e‘wr?, respectively,

2 we have the interaction Hamiltonian for degenerate parametric down-conversion,
Hy = ih(n*a? —na'?),
where n = x(2) 3.
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Generations of Squeezed States

2 we have the interaction Hamiltonian for degenerate parametric down-conversion,

H; = ih(n*a? — na'?),
where n = x(2) 8, and the associated evolution operator,
Ur(t) = exp[—iH t/h] = exp(n*a® —nat?)t] = 5(¢),

with & = 2nt.

2 for degenerate four-wave mixing, in which two pump photons are converted into
two signal photons of the same frequency,

H = hwa'a + hwbTd + imx®) (a?b1? — a2b2),
2 the associated evolution operator,

Ur(t) = exp[(n*a® — nal?)t] = S(¢),

O 5 ik it = 2, 7
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Generations of Squeezed States

Nonlinear optics:

. second Harmonic Generation

[y
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Parametnc Oscillation

e |

Kerr Effect

Courtesy of P. K. Lam
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Parametric Ampification
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Squeezing in an Optical Parametric Oscillator

9 when the nonlinear medium is placed within an optical cavity, oscillations build up
inside and we have an optical parametric oscillator (OPQ).

9 thisis a preferred method to generate squeezing, since the interaction is typically
very weak and confining the light in a cavity helps to sizable effect by increasing
the interaction time,

9 |oss from the cavity mirrors should be considered now,
Hy = ih(n*a® — na'?),

9 the dissipation and fluctuation should be included,

d I .
dta s 2a—|— (®),
d P A
— & = —pa——aT+FTt
dta s 2a ),

where I" represents the cavity decay and F(t) is the associated noise operator,
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Squeezing in an Optical Parametric Oscillator

<2 for OPO,

r R
il —  _—nag— —at L Ft(t
~a ni— at + B (o)

where I" represents the cavity decay and F(t) is the associated noise operator,

2 again the expectation value of the noise operator is zero, but with non-zero

variances,
(Fa(t))r = (F(t))r =0,
(FIWFI () r = (Fa(t)Fu(t'))r =0,
(FI(®)Fa(t))r =T6(t —t'),
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Optical Parametric Oscillator in steady state

2 the expectation values (&) and (a') for OPO,

&@) = —na') 2(%
E&T - _ &_E&T
~@ah) = —n@) - (),

where we have used (F'(t)) = (FT) = 0, and the solution of this set of coupled
equations is

(@) = [(@(0))coshnt — (af(0))sinhnile "*/2,
@'(t)) = [(a'(0))coshnt — (a(0)) sinhntle™""/2,

9 itis clear that for an OPO operating below threshold, I'/2 > 7, in the steady state
we have
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Optical Parametric Oscillator in steady state
2

next we look at the bilinear quantities (a?), (a12), and (a'a),

define
A = (a3), As={((aa' +a'a)), Az = (a?),

which satisfy the following set of equations,

d d .
—A; = —(a%®)=-nAy—TA aF + Fa)),
s dt<a ) nAs 1+ ((aF + Fa))

d e .
%AQ = &«aeﬁ +ata)) = —2nAs — 2nA; —TAs + ((aFT + FTa+a'F 4+ Fal)
d d AT
A3 = &@T?) = —nAy —TAz + ((aTFT + FTah)),
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Optical Parametric Oscillator in steady state

<2 for OPO,
d T .
i nal — Sa+ F(t),
d P A
— & = —pa——aT+FTt
e na — Sal + F (1),

9 in order to determine the quantities involving the noise operators F and F'f, we
rewrite above equations in the matrix form

EA:—MA+F,
dt

where

>
Il
| |
>
| I |
<
Il
| |
3 A
e 3
| I |
T
Il
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Optical Parametric Oscillator in steady state

<2 for OPO,

9p— _MA+F
dt

which has a formal solution,

t /
A(t) = e MEA(0) + / dt’e " ME—tVE(),
0

2 assume at the initial time ¢ = 0, the field operators are statistically independent of
the fluctuations, i.e. (a(0)E'(t)) = 0 etc., we obtain

N | M

T [ #Fa (Fa)
(FT(A®) (<F*a*> Fah

2 in a similar manner,

N | H

| ' | IPT5340, Fall '06 — p.13/27




Optical Parametric Oscillator in steady state

9 in order to determine the quantities involving the noise operators F and F'f, we
rewrite above equations in the matrix form
d 4 d (a?) Az —TA; + ((aF + Fa))
— = —(@a°) =— — a ,
dz 1 d nA2 1
d d . . ..
&Az = &«aeﬁ +ata)) = —2nAs — 2nA; —TAs + ((aFT + FTa+a'F 4+ Fal)
d d . .
— A3 = —(al?) = —nls —TA;+ ((atFt + Ftaty),
dt dt

2

all the correlation functions involving the noise operators above are zero except
(Faty = (aF't) =T/2, then

d

—A = —nAx —TAq,

dt 1 A2 1

d

&AQ = —2nAs —2nA; —TAx+T,
d A = A A

4’ T nAa2 35
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Optical Parametric Oscillator in steady state

9 the steady state solutions for

— A = -—nAy —TAq,
m 1 A2 1
d
&AQ = —277A3 — 277A1 —T A+ T,
EA — A A
dt 3 - 77 2 37
are
Ay = (a*) g5 = :
4[('/2)? — n?]
b ot I
Az ={((aa' +a'a))ss = .
4[(I"'/2)% — n?]
Az = (0"%) g = :
4[(T'/2)? — n?]
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Optical Parametric Oscillator in steady state

9 {0 see the squeezing, define the rotating quadrature operators,

%, = %(&e—iG/Q Latei®/2y %, = i(&e—wm _ atei/2),

2 the variances of these operators in the steady state are,

(AX1)ss = i((aa* +ala+a%e ™ +a%e'?)) — i((&e_w/Q +ale’®/2))2,
1T
= STy
(AX2)ss = ézi ,
5 — 7

where we have taken 6 = 0,
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Optical Parametric Oscillator in steady state

2 the best squeezing in an OPO is achieved on the oscillation threshold, n = T"/2,
giving

- 1

(AX1)ss = =,
8

this however represents only 50% squeezing below the vacuum level,
in OPO, pairs of correlated (signal and idler) photons are producing,
but the cavity mirror lets some single photon escape form each pair,

so that some of the quantum correlation ( and with it the squeezing) is lost,

vV U 0 v

a theoretical limit of 50% squeezing is unattractive but the situation is different with
the field outside the cavity,
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Spectrum of squeezing for the parametric oscillator

9 below the threshold, the Hamiltonian for a parametric oscillator is

then

A+ (0~ )1Jaw) = —v/7ar (),

A+ (1w + 2)1a) = +v7a0 ().

where

9 the Fourier components for the output field is

1

[3 —i(w —wo)? — [€]?]

o (w) = {()? + @ = w0)? + e @) + era} (—w)},
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Spectrum of squeezing for the parametric oscillator

9 the Fourier components for the output field is

1

ap(w) = (2 —i(w — wo)? — |¢]?]

{5 )2 (@ —w0)® + [e[*]ar(w) + eva] (—w)},

2 define the guadrature operators,

X _ 1(&06_10/2 44 19/2) XQ _ i(&oe—iQ/Q . &Eei9/2)7
21

where 6 is the phase of the pump,

2 we find the following correlations,

2|

(F — le)? + w?
—27|€l

(3 + le])? + w?

(X1 (w), X1(w') ) S(w+ '),

(: Xo(w), Xa(w') :) S(w+ '),

_ here = (UV) — (U)(V), and the input field a; has been taken to be in
J“ uﬁé;{'\/acuum
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Spectrum of squeezing for the parametric oscillator

2 we find the following correlations,
(X KW ) = st
3 —le)? +w?
; . —27¢|
. X ,Xo (W) ) = ) ",
(XK@, Xe(@) ) = mogz et
9 the § function may be removed by integrating over «’ to give the normally ordered
spectrum S1 (w),
27|el
S1(w) = :
3~ le? +o?
2 the maximum squeezing occurs at the threshold for parametric oscillation,
le| = v/2, where
Y
S1(w) = (=),
w
2

the light generated in parametric oscillation is said to be phase squeezed,
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Four-wave mixing
o

Four-wave mixing is through the nonlinear susceptibility, x(3),

two pump waves and the probe wave couple to produce the fourth wave, which is
proportional to the spatial complex conjugate of the probe wave,

92 fora probe wave,
E(r,t) = Re{E(r)exp(i(k - r — wt)},

2 the fourth wave is a phase conjugate wave,

Epc(r,t) = Re{E*(r)exp(—i(k - r + wt)},

2 equivalently, the spatial part of E(r,t) remains unchanged and the sign of ¢ is
reversed,

2 the phase conjugation is thus equivalent to time reversal,
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Classical four-wave mixing
=

consider two intense pump waves E> and E,, traveling in opposite direction,

and two weak fields £; and E5 as the probe and conjugate waves,

1 .
E;(r,t) = 5Ej(fr)ez7“("“3''7"_“”” +c.c.,, for

2 the wave directions imply,

ki+ ks =0, ko4 ko =0,
2 from the wave equation,
where E = E1 + Es + E5 + E3,and P = O E,

AL AEERG
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Classical four-wave mixing

9 with the slowly varying envelope approximation, i.e.

dQEZ-l < Ik dEi‘
dz2 " dz "

we have the following coupled-amplitude equations,

dE )
L~ (P =ik By +ikEL,
dz €c
dE )
b —(E)Pg = —ik1F3 —ikE7,
dz €c
where
P = 3 (El Eik + 2E1E3E§|< + 2E1E2E§< + 21 By B2 + 2E2E2/E§),
. 3X(3> 2 % * * /% *
P = 3 (E3Es +2E3FE 1\ E] +2E3FE2FE5 + 2E3FEy E2' + 2E3FEo EY),
3w (3) 3w (3)
K = X ExEy k1 = X (|E2|2 + |E2/|2)
degc degc
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Classical four-wave mixing

9 with the slowly varying envelope approximation,

dF )
-1 _ (E)Pl = ik1 1 + inEék,
dz €c
dF )
30— (P = ik B3 — ikET,
dz ec

2 define By = Ere— 1% and B3 = Esei®1%, we have

dE,

= ixE%,
dz 3
dE -
> =  _ikEr,
dz

2 for a nonlinear crystal with length L, the solutions are

cosljsl(z = D)] 5. o)

Bl = - Z/‘iﬁclch;z(/l;’;:[l/? Bs(L) + cos(|k|L

cos||r|(z — L)] Fs (L)

cos(|k|L k cos(|k|L)

_ i|x|sin(|k|?) 75 (0)

R ERD E3(z)
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Squeezing four-wave mixing

2 if we replace the field variables £; and E3 by the operators a1 and és, then

daq At
— = iKasg,
dz

das "

— =  —1Ka
dz L

2 for a nonlinear crystal with length L, the solutions for x = |x| are

a1 (L) = itan(/iL)dg;(L)—I—sec(ﬁ:L)&l(O),
a3(0) = sec(kL)as(L) + itan(xL)al (0),

9 define the guadrature components for the signal and the conjugate fields,

1 1 ;

A A

aj1 = E(a‘j +a;), a2 = 2_7J(aj —a;), forj=1,3,

2 assume the input fields a1 (0) and a3 (L) to be in the coherent state, then
A ERE 1
Matignal Tsing Hua University A&%Z(L> — A&%Z(O) _ [1 ) tanQ(/iL)], fori = 17 27
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Squeezing four-wave mixing

2 assume the input fields a1 (0) and az (L) to be in the coherent state, then

1
Aa2, (L) = Aa2,(0) = 1+ 2tan®(kL)], fori=1,2,

2 the output fields are amplified as well as noisy,

2 this is another manifold of the dissipation-fluctuation theory,
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Squeezing four-wave mixing

9 define linear combination of the input modes,

~ 1 .
d=—(a1 + &3)67’9,

V2

and the canonically conjugate Hermitian amplitude operators,

~ 1 ~ A A 1 A~ A
dy = =(d+d"), do=—=(d—d",
2 21

2 the variance of the operator d; and d» are,

A 1

Ad? = 1 [sec(kL) — tan(kL)]?,
A 1

Ad3 = 1 [sec(kL) + tan(kL)]?,

when 6 = 7 /4,

2 askL grows, the fluctuations in d; are reduced below 1/4, and eventually vanish
e Ty }S@L — /2, the amplitude d; is squeezed,

Mational Teing Hua University
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