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Phase Space Probability Distribution Function

9 Aclassical dynamical system may be described by a phase space probability
distribution function,

f({a}, {r}),

where

{¢} =aq1,92,...,9n; and {p}=pi1,p2,...,DN,

9 the probability
f{q}, {pH)d" qd"p,

gives the description about the system in a volume element d”¥ ¢ d”V p,

2 in guantum mechanics, the phase coordinates ¢; and p; can not described definite
values simultaneously,

2 hence the concept of phase space distribution function does not exist for a
guantum system,

2 however, it's possible to construct a quantum quasi-probability distribution resembling the
P g
classical phase space distribution functions.
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Phase Space Distribution Function

9 consider a one dimensional dynamical system, described classically by a phase
space distribution function f(q, p, t),

(A(g,p))cl = / dgdpA(q,p)f(q,p,t),

2 for the quantum mechanical description, if we know that the system is in state |v),
then an operator O has the expectation value,

(OYqm = (|0,

2 but we typically do not know that we are in state |v), then an ensemble average
must be performed,

<<O>qm>ensemble — Z Pw <¢|O|¢>a
)
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Phase Space Distribution Function

2 using completeness ) . |n)(n| =1,

<<O>qm>ensemble = Z<n|ﬁé|n>,

n

where the P, is the probability of being in the state |¢) and we introduce a density
operator,

p=) Pyl)w
P

9 the expectation value of any operator Ais given by,

(A(d,P))am = Tr[pA(4, )],

where T'r stands for trace.

9 the density operator 5 can be expanded in terms of the number states,

:ZZm (n|plm)(m| = Zanmin
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Expansion in Number States

9 the density operator 5 can be expanded in terms of the number states,

:ZZm (n|plm)(m| = Zanmin

2 the expansion coefficients p,,,, are complex and there is an infinite number of
them,

2 for problems where the phase-dependent properties of EM field are important, this
make the general expansion rather less useful,

2 in certain case where only the photon number distribution is of interest, one may

use
6 = Z Pp|n)(n

2 for a chaotic field, P, = = (72-)",

2 for a Poisson distribution of photons, P,, = e " n",

-:rm-lg‘} S48
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Expansion in Coherent States

9 Jikewise the expansion may be in terms of coherent states,
~ 1 2 2 ~
p=— | | Pad®Bla)(als|s) (s,
where % [ la){a|d*a = 1,
the expectation value of any operator A is given by, (A(a,a"))qm = Tr[pA(a, at)],
guasi-probability distribution,
(O(a,a’)) = /anP(a, a*)OpN(a, ™), for normally ordering operators,
= /dzaQ(a,a*)OA(a,oz*), for antinormally ordering operators,
= /dzaW(a,a*)OS(a,a*), for symmetric ordering operators,
2 classically phase space distribution function f(q, p,t),
AL AEERG
CA2EERS (A(a. 9 = [ dadpA(a,)f(a.p.0),
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Phase Space Distribution Function

2 rewrite classical distribution as,

flg,p,t) = /ﬂddﬂﬂq—dﬁ@—mﬁﬂdﬂﬂﬂ,
1
= Lﬁ}/dddﬂdkdmmﬂﬂk@—wf%+“p—pﬁﬁf@6pﬁﬂ,
1
= I3 / dk diexp(ikq)exp(ilp) / dq’ dp’exp(—ikq)exp(—ilp’) f(d', ', 1),
7T

1
= 4—2/dkdlexp(z’kq)exp(z’lp)(exp(—ikq)exp(—ilp))cl,
7T

with 6z = 5= [ dkexp(ikz),

2 for the quantum analog of f(q, p, t),
1. replace the c-numbers q, p by the operators ¢, p,
2. replace the classical average by the quantum average,
3. express the exponential under the average as a sum of products of the form
q"p",
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Quasiprobability Distribution Function

2 dueto non-commutativity of g and p, there are several different operator forms of a
c-number product g™ p™, if m,n # 0,

AAAAA

2 for example, ¢?p may be represented by an of the forms: §2, §pg, pg* or by their
linear combination c142 + c24pg + c3pg?, where z; are arbitrary subject to the
condition ¢y + co + ¢c3 = 1,

2 in general, we formally represent a c-number product as an operator as,
q"p" — Qq"p"),
which defines a linear combination of m ¢'s and n p’s,
2 for example,
i+ amd! i ilexpl > -
explaia + aza'l = explaza ]eXp[oqa]eXp[iozlozg], normally ordering,
. ot 1 : :
= expl[aialexplasza ]exp[—ialag], antinormally ordering,
[A,B]

+3[A,B] B A

l\.DIr—l

-:rm-lg‘} : 3 4 Withithe Baker-Hausdorff relation, eAtB = ¢AeBe™ =e

stlanal Teing Hu aurpr@wded [A,[A, B]] = [[A, B], B] = 0,
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Quasiprobability Distribution Function

9 the guantum analog of the classical phase space distribution function is then,

P apt) = g | dlclexp(iha)exp(ilp) (Qlexp(—ikd)exp(—il5) o,

2 different choices of the correspondence (2 lead to different f¢2(q, p, t), each called
a quasi-probability distribution function to emphasize that it is a mathematical construct
and not a true phase space distribution function.

9 the guantum analog of the classical phase space distribution function in terms of
the creation and annihilation operators & and a7 is,

F0a”) = = [ dgexplitag + o€ )T exp(~ia exp(~iaT¢")) )
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Quasiprobability Distribution Function

2 now, let

N

Qfexp(—ia)exp(—iaTe*)} = ][ [exp(—io;éa)exp(—iBE*al],
j=1

= exp(—[¢[)exp[—i(sa + €"al)),

where s is a complex number related with products of the «; and 3,

2 although, the exact expression of s in terms of the «; and 3; may be derived, it is
inessential.

2 the ordering for s = 0 is called the weyl ordering, Or the symmetric ordering,

the exponential operator may be put in the anitnormal or the normal ordering,

1
exp[—i(¢a+&*al)] = exp(—z'g*&T)exp(—iﬁ&)exp(—5|§|2), normally ordering,

= exp(—iﬁd)exp(—iﬁ*d*)exp(%\5\2), antinormally ordering,
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Quasiprobability Distribution Function

9 the guantum analog of the classical phase space distribution function in the
s-ordering is,

P (aya®) = = [ dexplilag + a"€")exp(~ 2 ¢ Tr{expli(¢a + ¢"ah)lp),

this is some kind of two-dimensional Fourier transformation,

2 define
Tr{exp[—i(¢a +€"ah)lp} = G(E € )exp(S[¢]),

then

£ (a, a" / 426G (€, £ )expli(at + ™€),

and by the inverse Fourier transformation,

Gle, &%) = / 020 f () (o, o )exp[—i(at + a*€*)]
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Quasiprobability Distribution Function

2 for antinormal form of the exponential,

1
Texp[—i(¢a+¢"al)p] = Trlexp(—iga)exp(—ig*ah)pl(; 1€,

= Tiexp(—ic*al)pexp(~i€a)] (5 |EP)
= L [ @aexpl-itac + %€ ()l

. S
— G(£7€ )eXp(§|€|2>,
2 for the density matrix in the coherent state representation,

(@lplo) = — [ deG(e, €")exp( S~ e )explifa + ™€)
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Quasiprobability Distribution Function

9 and the relationship between the density operator and its various phase space
representation through G(&, £*) is,

>
I

l/d2§G(§,§*)exp(%\5\2)exp(i§*&‘L)exp(v;gd), for antinormally ordering
T
— l/d2§G(§,5*)exp(§\§\2)exp[i(§d+§*&T)], for symmetric ordering,

T

— l/d2§G(§,§*)exp(%\5\2)exp(7;§&)exp(7;§*&T), for normally ordering,
T

9 the relation between different phase space representation £(*) and £(*) is,

£ (a,a*) = / d?ﬂexp[—&]ﬂ” (8, %),

7r(s — 1)
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Expectation value of the operator

9 the phase space distribution function in the s-ordering is,
(s) * B 2 : * S g2 en * ATy A
FPena”) = — [ digexpli(ag + a7¢7)Jexp(—_|¢]7) Triexp[—i(§a + £7a") ),
2 the phase space representation of any operator A is similar,

AP (a, " /d2€exp[ CI e )]eXIO(——|€| )Triexp[—i(¢a + £*at) Al

2 the expectation value of A is,

A

AN =~ [ ¢*6G(e eI T Aexplitéa + €7 a)),
-1 / / d2ed2af ) (o, o exp[—i(€a + €% a)Jexp( 2 |¢[2)Tr{ Aexpli(¢a +
T 2

= W/d2af(s)(oz,oz*)A(_S)(oz,oz*),

' i'ﬂ ;" IL the'éxpectation value of an operator is TE phase space integral of the product of

R Y phase space function with its conjugate representation of the density operator.

| 1PT5340, Fall ‘06 — p.14/36




P-representation, normally ordering

9 the density operator 5 can be expanded in terms of the number states,

:ijnmmzm ZZMWM

2 Jikewise the expansion may be in terms of coherent states,
~ 1 2 2 ~
p=— | [ dad®Bla)(als|B)(s]

2 only the photon number distribution is of interest, one may use

p=3" Paln)in

2 P-representation of a density operator,

ﬁszﬁpmﬂmmxm,
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P-representation, normally ordering

2 P-representation of a density operator,

ﬁ:/dQOzP(oz,oz*)\oz>(oz|,
substitute into
(s) * 1 2 - * ok S 112 e * ~1\1 A
e a”) = — [ digexpli(ag + a”e")]exp(— S [€]7)Trlexp[—i(¢a + £7a")]Al,
with s = —1 and the exponential operator in the normal-ordering, we have

FEY (e, %)

i2/ &¢ / d>BP(8, B*)expli(at + a*&*)|Trlel 74| B)(Blel "¢
s

— %/ng/d25P(5,5*)exp{i[(a—B)€+(a* — BHE]}
= Pa,a”),

9 the phase space representation for s = —1 is thus the P-function,

o

oo : i
o PE TN
Mat 1y

ignal Tsing Hua Universi
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P-representation, normally ordering

2 P-representation of a density operator,
p = / d2aP (o, a®)|a)(al,

9 the phase space representation for s = —1 is thus the P-function,

(e, a%) = P(a,a®),

2 equivalent, one can define

P(a,o*) = Tr[pé(a* —a")é(a — a)],

- Tr[/ d*8P (8, 8%)|8)(Bl6(a* — aT)é(a — a)],
B / dQ“/ d*BP(8, 5)(alB)(Bl5(a* —aT)s(a - a)la),
note it is normally ordering in the trace,

TAHLAFAE 6(a” —ah)o(a —a),

Hational Teing Hua University
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P-representation, normally ordering

2 the function P(a,a™) can be used to evaluate the expectation values of any
normal ordered function of @ and a' using the methods of classical statistical
mechanics,

(Av) = Ty = - [ deaie,eem(S 16 TH{Aewlitca +¢al)),
= 7r/d2af(_1)(oz,a*)A(l)(a,a*),

= /dQQP(a,a*)AN(a,a*),

2 since Tr(p) =1,
/anP(a,a*) =1,

2 the function P(a,a™) is referred to as the P-representation or the coherent state
representation,

5= / d2aP(a, o)) {al,
i 2 g

u,the function P(a, a*) forms a connection between the classical and quantum
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P-representation, normally ordering

2 et |6) and | — ) be the coherent states, then
(-Blols) = [ daP(a,a®)(~pla)(ald)
_ e—|5|2/d2ap(a7a*)e—IOAIQeBa*—B*a7
— €_|B|2/dica/dyaP(zca,ya)e_(wi_'_yg‘)e%(yﬁwa_:Uﬁyo‘),

with
1 1 1
(0]) = exp(—lal® + "B = J1B%) = exp(—_|a = BI*),

where o = x4 + 1y and 8 = x3 + iyg and this is the two-dimensional Fourier

transform,
o +va N
P(Oé,a*) — € > /d$ﬁ/dyﬁ<_ﬁ|ﬁ|/8>e(x’8+y'8)e—Qz(yﬁwa_:Uﬁya),
T
e|a|2 2 2 * *
— 5 /d B(—8|p|B)elPl" e +B
T

IPT5340, Fall '06 — p.19/36




Thermal field expanded in Fock states

2 expansion in the photon number distribution, p = > Pu|n)(n/,

2 expansion in P-representation of a density operator, p = [ d?aP(a, a*)|a){al,

for the thermal field,
exp(—H /kgT)
Trlexp(—H /kpT)]’

p=

where kg is the Boltzman constant and H is the free-field Hamiltonian,
H=hwa +a+1/2),

nhw

p= 3011~ exp( ) lexp(— I},

1
exp(hw/kgT)—1"

2 the expectation value of the photon number, (n) = Tr(aTap) =

2 the photon distribution in a thermal field,

. (n)"
p= Zn: o gy

§

e - i,
FagrilA
Mational Ts ng Hua Univers

Whliléh is the Bose-Einstein distribution,
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Thermal field expanded in  P-representation

2 expansion in P-representation of a density operator, p = [ d?aP(a, a*)|a){al,

2 for the thermal field, p = 5, —4™"___|n)(n/, then

(14(n))m+1
2
. (n)" e~ 1P —|6]?
— = — = ex :
with o) = e~ 121" 302 | 2L )
2 the P-representation of the thermal field is
|a? .| ax
Plaa®) = o [ dB(-plplg)el e
7'('
2
_ €|a| / 25exp ‘B‘ ] —Ba™4+3* a
(1 Tay) L+ Tay
1
_ —|a|?/(n)
) |

'ﬂ"*.ﬁr L \dzhﬁ;fh is a Gaussian distribution with the width of (n) in phase space,

al Teing Hua Un

IPT5340, Fall '06 — p.21/36



Coherent State expanded in  P-representation
2

for the coherent field, p = |ao){ao|, then

the P-representation of the coherent field is

Paa®) = el -l [ @gepl-pla” - af) + 5 (o — o)l
= 62 (a—ap),

which is a two-dimensional delta function in phase space, i.e.

fOaat) = = / 026G (€, £ )expli(at + a™€7)],

G, &) = / 020 ) (a, o )expl—i(at + a™e*)]

where Tr{exp[—i(¢a + £*at)]p} = G(&, €% )exp(£[¢]?),

THLHERSG

Mational Teing Hua University
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Number State expanded in P-representation

2 the two-dimensional Fourier transform

1
Faa®) = = [ B €)explifa¢ + a7,
Gee) = [ dar®(aanepl-ia +a%¢)
where Tr{exp[—i(¢a + £*al)]p} = G(€, £ )exp(51€[°),
9 for thermal field, its P-representation is a Gaussian function in phase space,

for coherent state, its P-representation is a 2D delta function in phase space,

2 for a number state, p = |n)(n|, then

n 2n
(=B|p|B) = (=B|n){n|B) = exp(—|B| )( 1)n\6\

2
e|o¢| 92n

n! 0a"oa*m

and the corresponding P-representation is, P(«a, a*) = 62 (),

which is not a non-negative definite function for n > 0,

'l i::*} Zi 35 Wh@rhever the photon distribution p,., is narrower than the Poisson distribution,

T P(a o) becomes badly behaved.
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Number State expanded in P-representation

2 the two-dimensional Fourier transform

1
Faa®) = = [ B €)explifa¢ + a7,
Gee) = [ dar®(aanepl-ia +a%¢)
where Tr{exp[—i(¢a + £*al)]p} = G(€, £ )exp(51€[°),
9 for thermal field, its P-representation is a Gaussian function in phase space,

for coherent state, its P-representation is a 2D delta function in phase space,

2 for a number state, p = |n)(n|, then

n 2n
(=B|p|B) = (=B|n){n|B) = exp(—|B| )( 1)n\6\

2
e|o¢| 92n

n! 0a"oa*m

and the corresponding P-representation is, P(«a, a*) = 62 (),

which is not a non-negative definite function for n > 0,

' alF i::*} 2 35 Wh@rhever the photon distribution p,., is narrower than the Poisson distribution,

T P(a o) becomes badly behaved.
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Properties of P-representation

9 we may put a function f(a,a’) into normal ordering by means of,

£ (@, 8 = (ol f(@,aMla) = fla+ ——,a"),
oa*

2 for example
0

(a]aat|e) = (a + 8—)04* = aa” + 1,
a*
2 for a coherent state |a), then
a)ala = (7 e |0)(0le™")a,

—a*a 0 oz&]L a*a
= e qent o) (0] "0},
(8
0

= (5 +la)al,

2 by repeat |a)(alal = (% + a)l|a)(al,

wal EX arqsqdjomtanaxaw—( +a*)]a)(al,

al Teing Hua Un
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Glauber-Sudarshan P-representation

|

consider a single electromagnetic field mode in a cavity with finite leakage rate, the
time evolution of the field density is given by

d —1 o o e -
—pr(t) = 7[Re(&dTﬁf — dTpfa,) + Rg(aTapf — a,pfaT)] + adjoint,

where R. and R, are the photon emission and absorption rate coefficients,

with the P-representation for the density operator, p = [ d?aP(a, a*)|a){a/, then
we have

[ @aPlajal = S [ d*aPlRe(aata)al - a'la)(ala) + Ry(a'ala)(a] - dla);

+ adjoint,
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Fokker-Planck equation

2 with
@)ala = (- +a)la)(al
atlajal = (5 +a")a)al

2 we have the Fokker-Planck equation,

d . —1 0 . o . . . o2 .
EP(a,a ) = 7(R6—R9){a—a[aP(a,a )]—i—%[a P(a,a™)]}+Re Sodo P(a,a™)
compared with,

d —Lin aats. —atsed o _aseal o

&pf(t) = 7[Re(aa pf—a'pra)+ Ry(a'apy —apyra')] + adjoint,
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Positive- P-representation

9 The advantage of the Fokker-Planck equation is that it significantly simplifies the
calculation process for the fields that are approximately coherent states,

2 when the fields become nonclassical, the P-representation is no longer
well-behaved, such as the squeezed and photon number states,

2 in order to map an arbitrary nonclassical state into a classical probability density,
the dimension of the phase space must at least be doubled,

2 one may use off-diagonal or positive- P-representation for nonclassical states,

"Quantum noise,” by C. W. Gardiner

A FERE
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()-representation, normally ordering

2 for s = 1, the density matrix in the coherent state representation is,

@lpla) = — [ d%€G(E6. € explilac +a*€M))
= ﬂ'f(l)(av a”) = Q(a,a”),

3 f) (a, *) is simply the matrix element of the operator in the coherent states
representation, known as the Q-function,

2 the expectation value, Tr[Ap] = + L [d?af®)(a,a®) A9 (a, a%),

9 ifthe density operator is represented by P-function, then

(a’man) = /anP(oz,oz*)oz*mozm,

9 ifthe density operator is represented by P-function, then

(a™a’™) =/d2aQ(a,a*)a*mam,
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()-representation, normally ordering

2 Q-representation defineds as the antinormally ordering in the trace,
Qa, @) = T[ps(a—a)s(a” —al)],
1 . . .
= T [ dBls(a - @) BIs@" ~ a))

= Tple) (o]

= —(alpla),

l.e. Q(a, a™) is proportional to the diagonal element of the density operator in the
coherent state representation,

9 unlike P-representation, Q(«, a™) isis non-negative definite and bounded, i.e.
oy _ L 2
Qlov,a) = =37 Py|(¥]a)[?,
(0

since [{(y|a)|? < 1, we have

PN Qlese’) = 0

Hational Teing Hua University
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()-representation, normally ordering

2 (Q-representation may be related to the P-representation as,
* 1 2 * —|04—ﬁ|2
Q(Oé,Oé ): ; d BP(B7B )6 )

2 for a number state In), its Q-representation is,

1 —|oz|2 2n
Qaa*) = Li(njay? = T
7 mn!
2 fora squeezed state |3, ), its Q-representation is,
* 1 2
Q(OZ,C\{ ) — ;|<C¥|ﬁ,€>| ’
sech
= ——exp{~(la’ +|8]°) + (a”B + B~ a)sechr
o %[eiQ(a*Q . 6*2 + e—i@(a2 . 62)]tanhr},

TRAZLAEERS
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()-representation

In the quarature phase-space, X; = (o + «a*)/2 and X1 = (o — a*) /24,

Qava’) = ZMexp{—(jaf? +18?) + (a5 + F"a)sechr

. %[ew(a*z . 5*2 + e—i@(a2 _ 62)]tanhfr},
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IV -representation, symmetric ordering

9 the guantum analog of the classical phase space distribution function in the
s-ordering is,

P (aya®) = = [ dexplilag + a"€")exp(~ 2 ¢ Tr{expli(¢a + ¢"ah)lp),
9 fors=—1,

(@, 0") = P(a,a”) = % / d*¢expli(ad+a* ™) Tr{exp(—i¢*al)exp(—ica)p},
2 fors=+1,

fHD(a, ") = Q(a,a*) = W—ﬂ / d2gexpli(ag-+a* )| Tr{exp(—ica)exp(—ic*a’)p},
2 fors =0,

FO)(a,0%) = Waa®) = = [ d*eexplifa + a”¢ )Tr{expl—i(¢a + £"a"))o},

VAL EARG
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IV -representation, symmetric ordering

2 fors =0,

FO(a,0”) = Waa®) = = [ d*eexplifag + a”¢ )Tr{expl—i(¢a + £"a"))o),

2 the Wigner-Weyl distibution function W («, a*) is associated with symmetric
ordering,

2 for example
]‘ AAT /\-l-/\ 2 3k a
i(aa +a'a) = | daW(a, a™)aast,

2 the Wigner function can be measured experimentally, including its negative values,
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Wigner function interms of ¢ and p

2 interms of q and p,

1 . o L
W(p,q) = o) /dO‘/dTeXp[Z(Tp—I—Jq)]Tr{eXp[_Z(Tp+0-q)]p},
— 1 /do_/dTe[i(Tp+oq)]Tr{e(—z'Tﬁ/Q)6(—@'(7@)[36(—1'7-13/2)}e(—z’m-/Q)7
(2m)2
= ! / do / dreli(mptoa)] / dg’ (¢ |e(~27P/2) (—i0d) 5e(=iTP/2) |4/ e (
(27)?
since
exp(—itp)lq’) = |¢' — hr/2),
we have
1 , / .
W(p,q) = (27)2 /dJ/dTew(q_q)/dq’<q’—|—h7/2\ﬁ\q’ — h/tau/2)e'P,

1 ~ )
= —/dye 2up/P) (¢ — y|pld" + ),
mh

where y = —hr /2
A EERE

Hational Teing Hua University

IPT5340, Fall '06 — p.35/36




Wigner function for a Kerr state
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M. Stobinska et al., quant-ph/0605166
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