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Assume that ε2 =
√

25σ3

864ρ
< ε < ε4 =

√
13σ3

400ρ
. We recall the assertion (3.52):

for 0 < u < p2,

183

100
[F (p2)− F (u)] < p2f(p2)− uf(u) <

21

10
[F (p2)− F (u)] . (3.52)

Proof of assertion (3.52). We let

J1(u) ≡ p2f(p2)− uf(u)−
183

100
[F (p2)− F (u)] ,

J2(u) ≡
52

25
[F (p2)− F (u)]− p2f(p2) + uf(u).

It is suffi cient to prove that J1(u) > 0 and J2(u) > 0 for 0 < u < p2. We compute
that

J ′1(u) =
217ε

100
u3 − 117σ

100
u2 − 17τ

100
u+

83ρ

100
.

By Lemma 3.4 in [1], we see that

396σ

1000ε
< p2 <

417σ

1000ε
(1)

Since τ ≥ 0, and by (1), we find that, for ε2 < ε < ε4,

J ′1(p2) ≤
[
217

100
ε

(
417σ

1000ε

)
− 117
100

σ

](
396σ

1000ε

)2
+
83

100
ρ

=
1

625× 107ε2
(
51875× 105ε2ρ− 259834311σ3

)
≤ 1

625× 107ε2
[
51875× 10

(
ε24
)
ρ− 259834311σ3

]
=
−91240561σ3
625× 107ε2 < 0. (2)



We further compute that

J ′′1 (u) =
651ε

100
u2 − 117σ

50
u− 17τ

100
.

Since J ′′1 (0) = − 17
100
τ ≤ 0 and J ′′1 (u) is a quadratic polynomial of u, we observe

that either J ′1(u) is a strictly decreasing function of u on (0, p2), or J
′
1(u) is a

strictly decreasing and then strictly increasing function of u on (0, p2). Since
J ′(0) = 83

100
ρ > 0, and by (2), there exists u1 ∈ (0, p2) such that J ′1(u) > 0 for

0 < u < u1, J ′1(u) = 0 for u = u1, and J ′1(u) < 0 for u1 < u < p2. Clearly,
J1(p2) = 0. By (1), we compute that

J1(0) =

(
−217
400

εp32 +
39

100
σp22 +

17

200
τp2 −

83

100
ρ

)
p2

>

{[
−217
400

ε

(
39σ

100ε

)
+
39

100
σ

](
39σ

100ε

)2
− 83

100
ρ

}
p2

=

(
10855377σ3

4× 108ε2 −
83ρ

100

)
p2 >

(
10855377σ3

4× 108ε24
− 83ρ
100

)
p2 =

5029ρ

106
> 0.

So J1(u) > 0 for 0 < u < p2. It implies that

183

100
[F (p2)− F (u)] < p2f(p2)− uf(u) for 0 < u < p2.

We compute that

J ′2(u) = −
19ε

10
u3 +

9σ

10
u2 − τ

10
u− 11ρ

10
< −19ε

10
u3 +

9σ

10
u2 − 11ρ

10
,

It is easy to see that the cubic polynomial −19
10
εu3 + 9

10
σu2 − 11

10
ρ of u is strictly

increasing on
(
0, 6σ

19ε

)
and strictly decreasing for

(
6σ
19ε
,∞
)
. So we compute and

observe that, for u > 0,

J ′2(u) ≤ −19ε
10

(
6σ

19ε

)3
+
9σ

10

(
6σ

19ε

)2
− 11ρ
10

=
54σ3

1805ε2
− 11
10
ρ

<
54σ3

1805ε22
− 11ρ
10

= −5963ρ
90250

< 0. (3)

Since J2(p2) = 0, and by (3), we see that J2(u) > 0 for 0 < u < p2. It implies that

p2f(p2)− uf(u) <
21

10
[F (p2)− F (u)] for 0 < u < p2.

The proof of assertion (3.52) is complete.
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