The proof of Lemma 3.2(ii)

Shao-Yuan Huang

In this note, we prove Lemma 3.2(ii):

Lemma 3.2 (ii) Consider (1.1). Assume that n € (0,00) where n = lim, .o+ Fu(;”.
Assume that lim,_g+ f”(u) = 0 and f® (u) exists for u > 0. Then, for A > 0,
37/ 1 3 s 3 :
lim TY(a) — sy | A~ oz limyor FOu)| if limy_o+ f®(u) exists,
=07 —00 if lim, o+ f®(u) = co.
Proof. First, we compute that
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@ Jo [N’B2(at,a) +2AB(at, a)]
—NC(at, ) B*(at,a) — 2X°A(at, a) B*(at, o) + 3X2 A% (at, a)
—4X*A(at, ) B(at, o) — 2X*C(at, ) B(at, a)] dt, (1)
where
A= Au,a) = af(a) —uf(u), B=Bu,«a)=F(a)— F(u), (2)
C =C(u,a)=a’f(a) — u®f'(u). (3)

Next, we consider two cases. Case 1: lim, o+ f©®)(u) exists, and Case 2: lim,_,o+ f® (u)
00.

Case 1. Assume that lim,_o+ f® (u) exists. Since n € (0, 00), we see that f(0) =0
and lim, o+ f'(u) = 2. Let £ = lim,_o+ f® (u). We have that

fu) = 2+ S+ ofu). 4)

By L’Hopital’s rule, we compute and find that, for 0 < ¢ < 1,

A B
lim (at,a) = lim C(a_z;,a) =2 (1 — t2) n and lim M
a—0 o a—0 o a—0 6%

=(1-¢)n (5



By L’Hopital’s rule, (4) and (5), we observe that
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i I CE 2 6 (1) ®

and 3A* —4AB - 2CB 1) (1—t!
lim - = - :_’Wl( — ) (1— ) (7)
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Since lim, o B(at, ) = 0, and by (5), we see that lim, o B*(at,a)/a® = 0. So by (1),

(6) and (7), we compute and find that

22 13602 (1 — 2N — k(1 —12) (1 — ¢ 3
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Case 2. Assume that lim, .o+ f®)(u) = co. By similar argument in Case 1, it is
sufficient to prove that
3A%(at, ) — 4A(at, ) B(at, o) — 2C (at, ) B(at, a)

lim % = —00. (8)

Let g(u) = f(u) —2nu for u > 0. Then g(u) € C[0,00)NC?(0, ), g (u) exists for u > 0,

9(0) = ¢'(0) = ¢"(0) =0 and lim " (u) = oc. (9)

u—0t
Let a
G(u) = dag(a) — a?g'(a) — 6/ g(s)ds.
0
By (9), we see that G(0) = G'(0) = 0 and

lim G"(u) = lim [—u’¢"(u)] = —oc. (10)

u—0t u—0t

It follows that G'(u) is strictly decreasing for sufficiently small v > 0. In addition, we
observe that

Alat, o) =21 (1 = ¢%) o® + ag(@) — atg(at), (11)
Blat,a) =n(1—t*) o’ + /jg(s)ds, (12)
Clat,a) =2n (1—t*) a® + *¢'(a) — *t*¢/(at). (13)

By L’Hopital’s rule and (9), we find that
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~0. (14)

By (9)—(14) and L’Hopital’s rule, we compute that

i 3A%(at,a) — 4A(at, o) B(at, a) — 2C(at,a) B(at, «)
ot 21 (1 — £2) o

2



4[ag(a) — atg(at)] — [o?g (o) — a2 (at)] — 6 [7, g(s)ds

= lim

a—0 a4
_ o, G@ =Glat) . Ga) — PG (at) _ . (1—t?) G(at)
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It follows that (8) holds. So lim,_o+ T{ () = —o0 if lim,_o+ & (u) = oo.
By Cases 1 and 2, the proof of Lemma 3.2(ii) is complete. B



