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1 Principles

e The principle of log-linearization is to use Taylor expansion around the steady
state to replace all equations by approximations.

e The approximations are linear functions in the log-deviations of the variables.
e X :vector of variables
e X :steady state

e x; :vector of log-deviations



z; = log X; — log X

e The vector 100 - z; tell us, by how much the variables differ from their steady
state levels in period ¢ in percent.

e Write the necessary equations characterizing the equilibrium as:

1= f(xt,x¢—1)
1= FE¢|g(z¢y1,xt)]



e Equilibrium implies

f(0,0)=1
g(0,0) =1

e Taking first-order approximation around (x¢, z;—1) = (0, 0) yields

0~ fizt + foxr—1
0~ Ei 912441 + goxi)



e One obtains a linear system in x+ and x;_1 in the deterministic equations and
xt+1 and x¢ in the expectational equations.



2 Techniques

e There is no need to differentiate the functions f and g explicitly.

e The following are the techniques.

Xt:Xext %X(l—FZL‘t)

eTtTt 5 1 + 1 + ayy



TtYt =~ 0

Et [ae™ 1] &~ Bt [axsy1] up to a constant

e For examples

et ~ 14+ x;



aX; ~ aXxy up to a constant

(Xt +a) Yy~ XYax; + ()_( - a) Yy up to a constant
1. Multiply out everything before log-linearization.

2. Constants drop out of each equation in the end, since they satisfy steady state
relationships.



Example 1: the neoclassical growth model

e Lower case letters denote log deviations from respective steady-state values while
capital letters denote levels.

e The necessary conditions:

Cr=Z1K + (1 - 6) Ky — Kyq1 (1)

Ri = pZiK! ™ + (1 p) (2)



n
1=F; [5 (Cct ) Ryt

t+1

log Z; = (1 — ) log Z 4 o log Zy_1 + €4, et ~ 1.5.d.N (O; 02) (4)

e The steady state:

C=ZRP+(1-6)K — K =ZKP— 5K



R=pZKrP~ 14+ (1-9)

1=73R

e Log-linearization of the necessary conditions

~
=

ct = =2t + —=kt — =kt41



rt =(1—=8(1-10)) (2 — (1 —p)ke)

0= FE¢[n(ct — cry1) + re41]

2t = Yz 1+ €

e Details 1.



Ct=Z1K + (1 —6) K¢ — Kyq1

Cett = ZKPe#ttrkt 1 (1—90) Kekt — Kekt+

C+Cc;~ZK ' +(1—-6)K — K+ ZK" (2t + pkt) + (1 — 8) Kkt — Kk 11



6@5 ~ ZKF (Zt + pkt) + (]. — 5) Fkt — fkt—i—l

Y K K

Ct :Rk—:k
t CZ“LC e

e Details 2.



Ry =pZiKP 416
Re't = pZ KPP textt o=kt 4 1 5
R+ Rry & pﬁp_l +1 —5—|—pﬁp_1 (z¢t + (p— 1) ky)

1
B:R:pZKp+1—5



Rry~ pZK" " (21 + (p — 1) ky)

re = (1= B8(1-190)) (2 — (1 —p)ke)

e Details 3.




CeCt—Ct—1\"
- e

1~ By |BR+ BR(n(ct — cpe1) + ris1))]

0~ E¢[n(ct —cpy1) + Te41]



e Details 4.

log Zy = (1 —¢) log Z + ¢ log Z;_1 + €

log (7ezt) = (1 — ) log Z + 1 log (7ezt_1) + ¢

2t = Y21+ €



Example 2: Hansen’s real business cycle model

e [ he first order conditions are:

Cit+ 1t = Y3

K1 =1t + (1 —6) Ky

Y; = Z,KP N} P



log Zt = (1 —t)) log Z + 4 log Z;_1 + e,

- Yi

t

et ~ 1.0.d.N <O; 02)



e The steady state for the real business cycle model above is obtained by dropping
the time subscripts and stochastic shocks in the equations above.

Y
A:C_T}].— —
( p)N
1=73R
_ Y



e Log-linearization of the necessary conditions

C_'ct -+ I_it — Yyt

I_{kt—l—l = I_’it—l— (1 —9) f_(kt

yt = 2t + pkt + (1 — p) ny



2t = Yzp_1 + €

0= —nct +yt — ny

0=FE¢[n(ct —cpa1) + rer1]

- Y
R = —_ — k)
Tt = P (yt — kt)



e Details 1.

Ci+ It = Y3

Ce’t 4 Tt = V¥t

C(l+c)+I(1+id) =Y (1+1y)



C_’ct -+ I_it — ?yt

e Details 2.

Kipi=Ii +(1-6) Ky

KeFtil = Jelt + (1 — §) KeM



K(l+k 1) =TQ+i)+(1—0)K(1+ k)

I_{kt—l—l = I_’it—l— (1—9) f_(kt

e Details 3.

Y; = Z,KP N} P



oYt — PN L—p | ozt pket(1—p)ny
Ye ZKFN e

eVt — o2ttpki+(1—p)ny

Yyt = zt + pkt + (1 — p) ¢

e Details 4.



log Zy = (1 — ) log Z + 1 log Zy_1 + €

log (Zezt) =(1—19)log Z + ¢ log (Zezt_l) + €

2t = Yz 1+ €

e Details 5.



Y;

A:C’t_n(l—p)Nt

_ 1%
A=Ce (1 - p) =Yt
e (1 —p) e

1 = e Nttt

0= —nct +yt — ny



e Details 6.

1 =p(8E;

n
(Grs) e
Cit1

é Ct—Cti1 K P Tt4+1
1:/8Et 5615 t+ Re t+

1=F, [eU(Ct—Ct+1)e7“t+1}



0= FE¢[n(ct — cry1) + re41]

e Details 7.
Yi
Ri=p—+1-9¢
t PK

Rert p— pﬁeyt_kt —|— 1 — 5



_ Y
R(1+7“t):/0§(1+yt—kt)+1—5

R — —_ —]C
T PK(yt t)
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