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Preface

e The Bose, Chaudhuri, and Hocquenghem (BCH) codes form a large
class of powerful random error-correcting cyclic codes.

» This class of codes is a remarkable generalization of the Hamming
codes for multiple-error correction.

» Binary BCH codes were discovered by Hocquenghem in 1959 and
independently by Bose and Chaudhuri in 1960.

» Generalization of the binary BCH codes to codes in p™ symbols
(where p is a prime) was obtained by Gorenstein and Zierler.

» Among the nonbinary BCH codes, the most important subclass is
the class of Reed-Solomon (RS) codes.

» Among all the decoding algorithms for BCH codes, Berlekamp’s
iterative algorithm, and Chien’s search algorithm are the most
efficient ones.




Description of the BCH Codes



Binary Primitive BCH Codes

o V integer m>3, t<2"",3 abinary BCH codes with

n=2"-1— Block length
n—k <mt — Number of parity-check digits
d.., =2t+1— Minimum distance

» Clearly, this code is capable of correcting any combination of t or
fewer errors in a block of n=2"-1 digits. We call this code a t-
error-correcting BCH code. The generator polynomial of this code
is specified in terms of its roots from the Galois field GF(2™)

o Let « be a primitive element of GF(2™). The generator poly. g(x)
of the t-error-correcting BCH code of length 2™ —1 is the lowest-
degree poly. over GF(2) which has

aa’a’...a® asits roots.
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Binary Primitive BCH Codes

o It follows from that g(x) has o, &”,..., a*" and their

conjugates as all its roots. Let ¢,(x) be the . of o',
Then g(x) must be the least common multiple (LCM) of

A (X), B (X)sw0r Dy (X), that is,
g(X) =LCM{4 (%), 4,(X),.. 45 (X)}

» Ifiisaneven integer, it can be expressed as a product of the

following form : o
=12,

where I’ is an odd number and |>1. Then a =) isa conjugate
of ' and therefore &' and o' have the same minimal poly., that is,

& (X) = ¢ (X).
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Binary Primitive BCH Codes

» Hence, even power of <& has the same minimal poly. as
some preceding odd power of cx.

g(x) =LCM {4, (X), ¢5(X), By 4 (X)
e deg [¢(X)]<m (Theorem 2.18 & 2.19)

~odeg [g()]<mt .n-k<mt

e The BCH codes defined above are usually called
primitive (or narrow-sense ) BCH codes.
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» The single-error-correcting BCH codes of length 2™ -1
IS generated by g(X) =¢,(X) sincet=1.

.+ o 1S a primitive element of GF(2™)

- ¢, (X) 1s a primitive poly. of degree m
1 2 2m

(0520,052 o .af =)

.. the single-error-correcting BCH codes of length 2™ —1is a
Hamming code

« Ex6.1
a is a primitive element of GF(2*) given by Table 2.8
such that 1+« +a* = 0. The minimal polynomials of
a,03,0° are
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Binary Primitive BCH Codes

TABLE 2.8: Three representations for the elements
of GF(2*) generated by p(X) =1+ X + X*.

Power Polynomial 4-Tuple
representation representation representation

0 0 (0000)
1 1 (1000)
o ! (0100)
a? o’ (0010)
o’ o> (0001)
at 1+« (1100)
o’ o+ a? (0110)
of o +a  (0011)
o 1+« +od (1101)
b 1 +a? (1010)
o’ o +o°  (0101)
at0 1 +a+o? (1110)
ol a+at+a®  (0111)
ol? l+a+a?+a®  (1111)
ol 1 +a?+a®  (1011)
ald 1 +o°  (1001)




Binary Primitive BCH Codes

S (X) =1+ x+x*
B, (X) =1+ X+ x°+x° + X
é (X) =1+ X+ X°

» The double-error-correcting BCH code of length n=2*-1=15

is generated by g(x) = LCM {4, (X), ¢, (x)}
Since ¢, (x) and ¢,(x) are two distinct irreducible polynomials,

g(X) =L+ X+ XA+ x+ x>+ x> +x7)
=1+ X" +x° +x" +x°
. (15,7) cyclic code withd . >5
~W(g(x))=5 ..d_. =5

10



Binary Primitive BCH Codes

o The triple-error-correcting BCH code of length 15 is
generated by

g(x) = LCM {4 (X), ¢(x), 45 (X)}
= (1+ X+ XA+ X+ X+ X°+ XL+ x+x%)
=14+ X+ X+ X+ X+ x° 4+ XY
It’s a (15,5) cyclic code with d,;, = 7.Since W(g(x))=7,d;,=7.

o Letv(X)=V, +V,X+...+V_ X" be a poly. with v, e GF (2)

If v(x) has roots «,a’,...,a”, then v(x) is divisible by
¢, (X), &, (X),..., 0, (X). (Theorem 2.14)

» V(x) is a code poly., gOOIV(X), 9(X) = LCME,(X), @, (X), ., @ (00}

11
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Binary Primitive BCH Codes

» We have a new definition for t-error-correcting BCH code:
A binary n-tuple v = (v,,Vy, Vs,..., V,, ;) is a code word if
and only if the poly. V(X) =V, +V,X+...+V__ X"
has «,a’,...,a” as roots, i.e.

v(ia') =v, +v,a' +v,a® +..+v o™

1

(Vo, Vi, Vo, V1) =0 forl<i<2t.

12



Binary Primitive BCH Codes

B n—1

o Let 1 a ... «
1 (@) . . . (&))"
o .
_i @) . . . (aZt.)n—l_

If v Is a code word in the t-error-correcting BCH code,
then v-H' =0

The code is the null space of the matrix H and H is the
parity-check matrix of the code.

13



Binary Primitive BCH Codes

o «alisaconjugateof o', thenv(a') =0iff v(a')=0 (Thm. 2.12)
J-th row of H can be omitted. As a result H can be reduced to
the following form :

1 a o - "t
Ho|b @ @) (@) \
_1 a(Zt—l) (aZt—l)Z . “(a2t—1)n—l_ e ,{FIJ'T % ¥ AROW
e EX6.2

double-error-correcting BCH code of length n=2* —1=15,
(15,7) code. Let a be a primitive element in GF(2*)

14



Binary Primitive BCH Codes

o The parity-check matrix is (Note that the parity check
matrix is not binary anymore.)

1 a a? ... o™
R = 1a’ af ... a*

Using o =1, and representing each entry of H by its 4-

tuple, "100010011010111]

010011010111100
001001101011110
000100110101111
100011000110001
000110001100011
001010010100101

011110111101111 |
15




Binary Primitive BCH Codes

» FACT:
The t-error-correcting BCH code indeed has d;, =2t +1
(pf): Suppose3 v =0 such that W(v)=06<2t

Let v,,v, ,..v; be the nonzero components of v (i.e. all ones)

_ajl (az)jl ...(a2t)j1_
ajz (az)jz ...(aZt)jZ

_yHT =
=0=VvH" =(v;v;.v,)

_aj5 (az)ja ...(a2t)j5
_ajl (ajl)z (ajl)Zt ]

= (11...,1) a.jz (ajiz)z ---(ajz)Zt

_aja‘ (aja‘)z ...(aja)Zt_
16
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ot (@) (@)
a (a?) - (ak)’

L1...,0) =0

_aj5 (ajg)Z...(aja)é_

— i
—~—

A, a 5xJ square matrix (& <2t)

SR
Taking out the cgyhmon

factor from each [kow of
the determinant.

1ajl e a(5_1)11

o _ 1ajz...a(5—1)jz
= g hHltte) - 1=0......9®

1aj5 . .a(5—1)j5

17



Binary Primitive BCH Codes

» The determinant in the equality above is a Vandermonde determinant
which is nonzero. The product on the left-hand side of

® & can not be zero. This is a contradiction and hence our assumption
that there exists a nonzero code vector v of W(v)=0<2t is invalid.
sd >2t41
o 2t+1 is the designed distance of the t-error-correcting BCH code.
The true minimum distance of a BCH code may or may not be equal
to its designed distance.

« Binary BCH code with length n = 2™ —1 can be constructed in the
same manner as for the case n=2"-1. (Theorem 2.9)
Let B be an element of order nin GF(2"), n|2™ —1 and g(x) be the
binary polynomial of minimum degree that has g, g°...., #* as roots.

18
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2t

Let w, (X), 7, (X),..., 5 (X) be the minimal poly. of S, 5%,...8
respectively then g = LCM{y,(X), , (X),..., ¥, (X)}

s BN =106, 6°%,..., f° are roots of X" +1
= g(x)|(x" +1)
We see that g(x) is a factor of X" +1.

> The cyclic code generated by g(x) is a t-error-correcting BCH code of length n.

> The number of parity-check digits < mt
o d,=2t+1,

If B Is not a primitive element of GF(2™), the code is called a
nonprimitive BCH code.

19
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General Definition of Binary BCH Codes

» General definition of binary BCH codes.

S GF(2M),(, be any nonnegative integer and consider
Blo, gl . B2 | For 0<i<d, -1, let ;(x),n; be the
minimal poly. and order of g“*' , respectively.

g(x) = LM, (%), 3. (X), oo W, (9}
and the length of the code is

n=LCM {n,n,..n, /|
Note that: d . >d,

(Proof is omitted and left as an exercise.)

parity-check digits <m(d, —1)

Is capable of correcting L(dO -1/ ZJ or fewer errors

20



General Definition of Binary BCH Codes

If we letl. =1, do=2t+1 and £ be a primitive element of
GF(2 ™), the code becomes a t-error-correcting primitive BCH
code of length 2™ —1.

If weletl,=1,d =2t+1and S be not a primitive element of
GF(2™) , the code is a nonprimitive t-error-correcting BCH
code of length n, which Is the order of 3.

For a BCH code with designed distance d., we require g(x)
has d. -1 consecutive powers of a field element s as roots.
This guarantees that the code has d,;, >d, . This lower

bound on the minimum distance is called the BCH bound.

In the rest of this chapter, we consider only the primitive
BCH codes.

21



Decoding of the BCH Codes
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Decoding of the BCH Codes

» Suppose that a code word v(x) =V +VyX+V,X* +...+V, ;X"
IS transmitted and the transmission errors result :
r(x) =, +LX+X°+. .4+ X"
Let e(x) be the error pattern. Then
r(x)=v(X)+e(x)
» For decoding, remember

1 « .. o™t

1 (@) . . . (@)™

_i («®) . . . (azg)”‘l_

23



Decoding of the BCH Codes

e The syndrome is 2t-tuple,
S=(S,,S,,..S,,)=r-H'
Let s =r(c')=r+ra' +..+r_ ()" for 1<i<2t
s; can be evaluated by b, (x) =R, ,[r (x)]
¢ (X) is the minimal poly. of &'

e r(X) =& (X)) (X) +b;(x)
~.s =r(a')=b(a")

24



Decoding of the BCH Codes

« EX6.4

Consider the double-error-correcting (15, 7) BCH code
given in (from Ex6.1) .

If r = (100000001000000) = r(X) =1+ X’
S (X)=4,(0) =4,() =1+ x+x" s =b(a)=a’s,=b(a")=0a"

£,() =1+ XX X 4 x° s, =b,(a%) =1+
by (X) = Ry (y [r(x)] = x° =l+a+a’=a’
b, (x) = R%(X)[I‘(X)] =1+x’ Sy = bl(a4) =a’

ns=(’,a"a’,a’)

(Note that syndrome is not binary anymore.)
25



Decoding of the BCH Codes

* V() =0 forl<i<2t »>s =r(a') =e(a')

Suppose e(x) =x" +x2 +..+x¥ 0<j, <], <..j, <n
=>s =a"+a?+..+at

S, = (") +(a2) +...4+ (a™)?

Syr = (ajl)Zt "‘---"‘(ajv)Zt
where o', a’,...a” are unknown.

Any method for solving these equations is a decoding
algorithm for the BCH codes.

26



Decoding of the BCH Codes

o Once a’,a®,..a’ have been found, the powers
Jis Jos--- ), tell us the error locations in e(x)

o If the number of errors in e(X) is t or less, the solution
that yields an error pattern with the smallest number of
errors 1s the right solution.

« For convenience, let g, =a", 1<(<v be the error
location numbers.

S=p0+L0,+...+ 5, )

2 2 2
S,=p +0, +...+ [, . Power-sum
: Symmetric function

2t 2t 2t
Sy =P TP, +----+,Bv 7

27



Decoding of the BCH Codes

o Define o(x)=1+ gX)A+ S,X)....L+ B,X)
l =0, + O X+0,X* +..+ 0, X"
. error-location poly.

o Theroots of o(x) are B, B3,,...5", which are the
Inverses of the error location numbers.

o,=1
oy, =P+ G, +..0,
o, =Pl + P+t B4 D,

&, = Bl B,

28



Decoding of the BCH Codes

These coefficients are known as elementary symmetric
functions. o;'s are related to s; 's by Newton's identities

S, +0,=0
S, +0,S, +20, =0
S, +0,S,+ 0,5, +30, =0

s,+o,S,,4+..+0,,S +Vo, =0

S,.; 0,8, +...+0,.,S,+0,5, =0

v+1

Note that, for binary case, *.- 1+1=2=0, we have
_ {0'- for odd i
o, =

0O foreveni

29



Decoding of the BCH Codes

Consequently, if 8, 5,,.... 5, € GF(2"), then

r o (27) o r
(Bt o+t B = B +£1]ﬂf Byt B
=B B

Since 2 = 2 = 2 =0 mod 2,
1 2 2" -1

Syj :iﬁiﬂ :(Zﬂijj :sz

\
i=1

30



Decoding of the BCH Codes

Consequently, the Newton’s Identities can be simplified
Into t equations:

s, +0,=0
S, +0,S, +0,5, +0, =0

Sg + 0,8, + 0,5, +0,5,+0,5, + 0, =0

Syq T 018, , T0,5, 3+ +0,5,=0

31



Decoding of the BCH Codes

» The equations may have many solutions.

» We want to find the solution that yields a o(X) of
minimal degree. This o(X) would produce an error
pattern with minimum number of errors.

» Decoding Procedure

step 1. Compute s =(s;,S,,...S,,) from r(x)
step 2. Determine o(x) from s

step 3. Determine the error-location number

B, B,,-.. 5, by finding the roots of o(x)
and correct the errors in r(x)

32
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» The first method for determing o(x) from s

— Peterson’s Algorithm

Ac

SZt—4 SZt—5 S2t—6 SZt—?

| SZt—Z SZt—3 SZt—4 SZt—S

S, +5,
= 0,=5,0, = o
Sl

33
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Decoding of the BCH Codes

o The second method: Berlekamps iterative algorithm
= lterative Algorithm for finding o (x)

=1 |

o® =1+ 5s/x <—i.e p =s

Does

the coeficients
of o satisfy the
(i +1) th Newtons
identity?

correction oD 5O 4 g
term I




Decoding of the BCH Codes

« How to add a correction term to o ?

14
Let o) =1+ 0,"'x+c,"'x* +...+c,“Ix"
y7i

be the minimum-degree poly. determined at theuth step.
To determine o (x) => compute uth discrepancy

(1) (1) (1)

d,=s,,.+to,"'s, +o, Suqt 0O, S

u+l u+l=t,

If d, =0= o (x) =0 (x)
If d #0, go back to the steps prior to the uth step and determine

o'’ (x) s.t. pth discrepancy d =0, and p—¢ has the largest value.
(¢, =deg [¢"”(x)]) . Then

o (X) — g (X) + dﬂdjx("‘p) P (X)

IS the minimum-degree poly. whose coefficients satisfy the first
Newton’s 1dentities

35



Decoding of the BCH Codes

 To carry out the iteration of finding o(X) , we
begin with the following table:

)7 a(”)(x) dﬂ l, u—r,
-1 1 1 0 -1

0 1 S, 0 0

1

2



Decoding of the BCH Codes

* |, is the degree of ct)(X).
» Ifd, =0, then 5, **I(X)= cW(X) and | ;= | .

» If d #0, find another row p prior to the uth row such that
d,#0 and the number p-1in the last column of the table
has the largest value. Then c®*1(X) is given by

o H (X) — o (X) n dﬂdjx(“‘p) o'P) (X)

and | ;= max(l,, | +u-p).
« In either case, d +0,“ Vs, +..+ 0, s
e

o The polynomial ¢t?9(X) in the last row should be the
required o(X).

,u+1 ,u+2 u+1 HA2—=L ),

37



Decoding of the BCH Codes

e EX6.5
Consider (15.5) triple-error-correcting BCH codes given

In ex 6.1
(t=3)

p(x) =1+ x+x*
l@
V=0—->® >r=x>+x>+x"
$(X) = 4,(X) = $,(X) =1+ x+ X"
B, (X) = B (X) =1+ X+ x> + x>+ x*

@ (X) =1+ X+ X°

38



Decoding of the BCH Codes
by (X) = Ry o [r(X)] =1

b,(X) = R, (,[F(X)]=1+x*+ X’

by () = R, (o [r(¥)] =X

s =S,=5,=1

s, =1l+a’+a’ =a™

s, =1+a” +a”’ =a’

S. =a’
~s=01a"1a",a”)

o# (X) — o™ (X) n dﬂd,llx(“_p) o'P) (X)

39



Decoding of the BCH Codes

S;=1 d,=s,,+to,"'s, +o,
e p=0;dy=S;=1#0

e p=-1 O.(u+1)(x) — o™ (X) _|_dﬂd;1X(ﬂ—p) o) (X)
o oW(X)= cO(X)+d,d_; IXODsD(X)=1+1-1 X 1=1+X

o l,=max(l,,l_;+u-p))=max(0,0+0+1)=1

e p-l,=1-1,=1-1=0

e d,=S,+¢,US;=1+1-1=0 | .y=max(l, , | +p-p).

(1) +...+O'€(ﬂ)S

u-1 p u+l-t,

S

o 6@(X)= 6W(X)=1+X

o 1,=1,=1

p-l,=2-1,=2-1=1

d,=S;+6,9S, =al0+1-1=(1+a+a?)+1= a®

40



Decoding of the BCH Codes

o d,=0P£0
« p=0
o 6®)(X)=6(X)+d,d, X060 (X)=1+X+
o° -1 X2-1=1+X+0°X?
o ly;=max(l,,l;+un-p))=max(1,0+2-0)=2
o p-l=3-1;,=3-2=1
o d,=5,+0,3S; +6,0)S,+6,3S,=1+1 -010+ ¢>-1+0-1

=1+(1+a+o?)+(a+a?)=0

41
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y7, o (%) d# l, w—210,
—1 1 1 O -1
(0) 1 1 0] 0]
1 1+Xx 0) 1 (0)
2 1+ X o’ 1 1
3 1+ xXx+a’°x®> O 2 1
4 1+X + o X? a*® 2 2
5 1+X 4+ x> x> 0] 3 2
6 1+X 4+ > %> - - -

L o(X) =09 (X) =1+ x+a°x°

=1+ a‘gx)(l+ a° X)(1+ a X)
X = a3’a10’a12

42



Decoding of the BCH Codes

error location numbers
ﬂl:a_S :alz’ﬂ2 :a—lo :aS’ﬂB :a—12 :a3
se(X) =xP+ x>+ x"
S r(X)=r(x)+e(x)=0
o If the number of errors in the received polynomial r(X) is less than
the designed error-correcting capability t of the code, it is not

necessary to carry out the 2t steps of iteration to find the error-
location polynomial o(X).

» It has been shown that if d, and the discrepancies at the next t-I -1
steps are all zeros (i.e. successive t-1, zeros), ot(X) is the error-
location polynomial.

 If v(v<t) errors occur, only v+t steps of iteration are needed.

e The iterative algorithm described above not only applies to binary
BCH codes but also nonbinary BCH codes.

43



Decoding of the BCH Codes

Simplified Algorithm for finding o(X)

» For abinary BCH code, it is only required to fill out a table with t empty rows. Such a
table is presented below.

u o (X d, {, 2u—"Lu

12 1 1 0 -
0 1 S 0 0
1
2
t

44



Decoding of the BCH Codes

1. If d, =0, then a“*(x) =5 (x)

2.1t d, =0, find another row p proceding the zth row,
s.t. 2p—(  Isas large as possibleand d , # 0

Then o (X) = %) (X) +d,d X 24Pl (X)

_ (1+D) (+1)
notethatd ,, =S, 5 +0,"7S,,., +0, 7S,
(u+1)
toot Geyﬂ Szﬂ+3_€y+l

., =deg [0 (x)]

45



Decoding of the BCH Codes

The polynomial 6®(X) in the last row should be the required
o(X).

If it has degree greater than t, there were more than t errors,
and generally it is not possible to locate them.

The computation required in this simplified algorithm is one-
half of the computation required in the general algorithm.

The simplified algorithm applies only to binary BCH codes.

If the number of errors in the received polynomial r(X) is less
than the designed error-correcting capability t of the code, it
IS Not necessary to carry out the t steps of iteration to find the
error-location polynomial o(X) for a t-error-correcting binary
BCH code.
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Decoding of the BCH Codes

« Remarks:
> If v <t errors occur, only| (t+Vv)/2| steps needed.

> If, for some p, d, and the discrepancies at the next (t-1,-1)/2 steps
are zero, then o(X) is the error-location poly.
 EX6.6
The simplified table for finding o(x) for the code in ex6.5 is given
below. Thus, o(x) =™ (X) =1+ x+a’x’.

y7, o (X) d, |, 2u—14
-1/2 1 1 0 -1
0 1 Si=1 0 0
1 1+Six=1+X Se+S:S1== & ® 1 1(take 2= -1/2)
2 1+x+aX’ o' 2 2(take 2= 0)
3 1+x+a’X° 3 3(take 2= 1)
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Decoding of the BCH Codes

Finding the Error-Location Numbers and Error Correction.
» Consider ex6.6. The error-location poly. has been found to be
o(X) =1+ x+a°x’
By substituting 1, o, a?,..., **into it, we find that &®, a™, ™
are the roots of o(x). Therefore, the error location numbers
are a’,a’,a’ =>e(X)=x>+x>+x*

o Chien’s procedure: The received vector

r(X) =1, +LX+0LX +. 4 X

IS decoded on a bit-by-bit basis. The high-order bits are
decoded first. To decode r,_,, the decoder test whether &"* is
an error-location number; this is equivalent to test whether its
Inverse «is a root of o(x) . If is a root, then

1+o,ax+o,0” +..+~oc,a’ =0
48



Decoding of the BCH Codes

o To decode r,_,, the decoder forms o,&',c,a”,....c,&" and
teststhe sum 1+o,¢' + 0,0 +...4+0,a"

If the sum is zero, then o™ is an error-location number and r,_

(1S an erroneous digit; otherwise, r,, Is a correct digit.
Cyclic error location search unit

- O, ~ o, cee O, "1 output

) J i-1
X X X A
a az at
input

—» Buffer




Decoding of the BCH Codes

» The to-registers are initial stored with o,,0,,..., o, calculated in
step 2 of the decoding ( 0,,,=0,.,=...=0,=0 forv <t).
Immediately before r.. is read out of the buffer, the t multiplier are
pulsed once. The multiplications are performed and o,«, 5,0%,....c,a"
are stored in the orregisters. The output of the logic circuit Ais 1 if
and only if the sum 1+c,a+ 0,0 +...+0,a' =0; otherwise, the
output of Ais 0. The digit r.. is read out of the buffer and corrected
by the output of A. Having decoded r.. ,the t multipliers are pulsed
again. Now o,a®,0,a’,....c,a” are stored in the
o-registers. The sum

1+01a +0205 +...+0, o
Is tested for 0. The digit r.. is read out of the buffer and corrected in
the same manner as r.. is corrected.

50



