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Function of Single Variable

Theorem

Suppose that X is a discrete random variable with
probability distribution fx(x). LetY = h(X) define a
one-to-one transformation between the values of X and Y
so that the equation y = h(x) can be solved uniquely for x
in terms of y. Let the solution be x = u(y). Then the
probability distribution of the random variable y is

P(Y =y) =fr(y) = fx(u(y)) = P(X = u(y)) (1)
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Function of Single Variable: Example

Example

Let X be a geometric random variable with probability
distribution

fx(x)=p(1—p) 1 x=1,2,...

Find the probability distribution of ¥ = X?.

e Since X > 0, Y = X? (or X = \/Y) is one-to-one
transformation.

e Therefore, the distribution of the random variable Y is

) =f(y) =p(l—p)V’" ' y=149,...
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Function of Two Random Variables

Theorem

Suppose that X; and X, are two discrete random

variables with joint probability distribution fx,x, (x1,x2) (or

f(xl,xz)). Let Yi=h (Xl,Xz) and Y, = hz(X],Xz) define
one-to-one transformations between the points (x;,x>)
and (yi,y,) so that equations y; = h;(x;,x;) and

y2 = hy(x1,x2) can be solved uniquely for x; and x; in

terms of y; and y,, i.e., x; = ui(y1,y2) and x; = uy(y1,y2)-

Then the joint probability distribution of Y, and Y, is

n(n,y2)

= fxix, [u1(v1,¥2), ua(y1, y2)]

()

Note that the distribution of Y; can be found by summing
over the y,, i.e., the marginal probability distribution of Y;,

fr,(n)

Zf)/l,y2 V1, ¥2)
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MGF of Sum Two Independent Poisson RVs | Functions of

Random Variables

Ching-Han Hsu,
Ph.D.

Example

Suppose that X; and X, are two independent Poisson
random variables with parameters \; and X,. Find the

probability distribution of ¥ = X; + X;. _

Continuous RVs
° Let Y= Y1 = X1 +X2 and Y2 = X2- Hence, Moment
X, =Y —Yand X; = Y». Functons.

e Since X; and X, are independent, the joint
distribution of X; and X, is

X1 ,—A X2 ,—Ao
Al'e 1./\26

X1! x2!
x1=0,1,2,..., %5=012,...

fX1X2 (x17x2) =
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MGF of Sum Two Independent Poisson RVs Il Functions of

Random Variables
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¢ The joint distribution of Y; and Y, is
mrn0nLy2) = fxui(ny), ua(y,y2)]

= fux, (V1 —y2,2)
)\)171_)'28—)\1 ‘ )\éze—Az

Continuous RVs

()71 — y2)| y2' Moment
_ Generatlng
(i) )\)1’1 yz)%z Functions
e 1 s
(1 = y2)y2!

y1:0,1,2,...,y2=0,1,2,...,y1

Note that x; > 0 so that y; — y, > 0.
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e The marginal distribution of Y; is

Y1
le(y1> = ZquYz(ylay2>

¥2=0
Bl YI—Y2y)2 ;
ey AT DisoeoFvs
Yo O - 'yZ' Continuous RVs
Moment
e—(AH-)\z) Y1 yl' Ggrr:;ergting
_ : A)’l yz)\yz Functions
| |
b o= 0= y2)he!
e—(A1tA2)
= ——5 ()\1 + )\z)y'
yi:

e The random variable Y = Y, = X;| + X, has Poisson
distribution with parameter A\; + ;.

77



Function of Single Variable | Functions of

Random Variables
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Theorem

Suppose that X is a continuous random variable with
probability distribution fx(x). Let Y = h(X) define a
one-to-one transformation between the values of X and Y
so that the equation y = h(x) can be solved uniquely for x

Discrete RVs

in terms of y. Let the solution be x = u(y). Then the Continuous RVs
probability distribution of the random variable y is Moment
Generating
Functions
Fr(y) = fx(u(y)V] ©)

where J = Zu(y) = (y) = & is called the Jacobian of
the transformation and the absolute value |J| of J is used.

e Suppose that the function y = A(x) is an increasing
function of x.

7.8



Function of Single Variable I

e now, we have
u(a)
P(Y < a) = PIX < u(a)] = / Fel)dx
e Since x = u(y), we obtain dx = u'(y)dy and
Pr<a)= [ At

e The density function of Y is

Sr(v) = fx(u()u' (y) = fx(u(y))J.

e If y = h(x) is a decreasing function of x, a similar
argument holds.
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Function of Single Variable: Example 1 | Functions of

Random Variables

Ching-Han Hsu,
Ph.D.

Example

Suppose that X has pdf

2%, 0 1 '
f(x) — x’ <x< (4) Discrete RVs
0, elsewhere Continuous RVs
Moment
Let 4(X) = 3X + 1. How to find the pdf of Y = h(X). ECES

e Since y = h(x) = 3x + 1 is an increasing function of x,
we obtainx =u(y) = (y—1)/3,J =d'(y) = 1/3,

Frl) = A0l () =200 = 1)/3-1/3 = 2= 1),



Function of Single Variable: Example 1 Il

e Intuitive approach

Fy(y) = P(Y<y)
= P[BX+1)<y=PX<(y—1)/3]
G-1)/3
= /o 2xdx = [(y — 1)/3].
i) = ijY@)

fy—1), I<y<4
0, elsewhere
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Function of Single Variable: Example 2 | R O e
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Example

Suppose that X has pdf

2x, 0<x<1
flx) = () '
07 elseWhere Discrete RVs
_ Continuous Vs
Let 2(X) = e~*. How to find the pdf of ¥ = h(X). Morment
Generating

Functions
e Since y = h(x) = e is a decreasing function of x, we
obtainx = u(y) = —Iny, J = u/'(y) = —1/y,

) = fu®))|
= 2lny-1/y= _yzlny,

l/e<y< .



Function of Single Variable: Example 2 II

e Intuitive approach

Fy(y)

fr(y)

e <y)=PX>—Iny)

1
/ 2xdx = 1 — (—1Iny)>.
—Iny

d -2
7FY 711'1)7,
0=

l/e<y< 1.
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Function of Single Variable: Non-monotonic Functions of

Random Variables

Transformation | Ching-Han Hsu,
Ph.D.

Example

Suppose that X has pdf f(x). Let 4(X) = X2. How to find
the pdf of ¥ = h(X).

Discrete RVs

e Since y = h(x) = x* is neither an increasing nor a
Moment

decreasing function of x, we can not directly use the Genereting
Eq (3) unctions

e We can obtain the pdf of ¥ = X? as follows:

Fy(y) = P(Y<y)=P(X*<y)
P(—/y <X <)
= Fx(\y) = Fx(—=/Y)



Function of Single Variable: Non-monotonic

Transformation Il

) =

jymy) - ;’y[FXm) — Fy(~5)]

I (V5) — Fx(=5)

(V) (=)
25 2y

2\15[&(@ )
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Non-monotonic Transformation: Normal vs Chi-Square | _ Functions of

Random Variables

Ching-Han Hsu,
Example [Hio}

Suppose that X has pdf N(0, 1) Let 2(X) = X2. How to find
the pdf of Y = A(X).

e X is standard normal distribution with pdf

Discrete RVs

1 .  Continuous RVs
— x*/2
100 =75
Functions
e We can obtain the pdf of Y = X? as follows:
) = =y (=Y
\[
_ L1
VY V21
1

= yl/zflefy/z, y > 0.

212, /7



Non-monotonic Transformation: Normal vs Chi-Square
|

e The gamma distribution has the pdf
ANV XV e

fx7,A) = () = F()\W) (Ax) e x> 0.

When A =1/2and~y=1/2,1,3/2,2,..., it becomes
chi-square distribution:

1 1\’ y—1_,—x/2
f(x;'y,l/Z):W 5) ¥ e , x> 0.

e Since /7 = I'(1), we can rewrite fy(y) as

iy ( )_L 1 2 1/2—1,-y/2
RERYORCY

Y has a chi-square distribution.

Functions of
Random Variables

Ching-Han Hsu,
Ph.D.

Discrete RVs

Moment
Generating
Functions



General Transformation Functions of

Random Variables
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Theorem

Suppose that X is a continuous random variable with
probability distribution fx(x), and Y = h(X) is a
transformation that is not one-to-one. If the interval over
which X is defined can be partitioned into m mutually T
exclusive disjoint sets such that each of the inverse Voment
functions x; = u1(y),x2 = ua(y), ..., Xm = unu(y) of y = h(x)  Generating

is one-to-one, the probability distribution of Y is

Discrete RVs

m

HrO) = fxlw()]Ji (6)

i=0



Function of Two Random Variables

Theorem

Suppose that X; and X, are two continuous random

variables with joint probability distribution fx,x, (x1,x2) (or
f(xl,xz)). Let Yi=Hh (X],XQ) and Y, = hz(X],Xz) define

one-to-one transformations between the points (x, x2)
and (yi1,y2) so that equations y; = h;(x;,x2) and
y2 = hy(x1,x2) can be solved uniquely for x; and x; in

terms Ofy1 andyz, i.e., X1 = u1<y1,y2) andX2 = uz(yl,yz).

Then the joint probability distribution of Yy and Y, is

s (0132) = faxe [ui(v1,y2), wa(y1,y2)] - I

where J is the Jacobian and is given by the following

determinant:

and the absolute value of the determinant is used.

_ |Ox1/0m
Ox3/0y1

Ox1/0y>
Ox3/0ya

(7)
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Function of Two Random Variables |

Example

Suppose that X; and X, are two independent exponential
random variables with fx, (x;) = 2¢~>" and

fx,(x2) = 2e~>2. Find the probability distribution of

Y = X1/X,.

» The joint probability distribution of X, and X, is
fxle (Xl,xz) = 4672(X1+X2)

e letY =Y, = hl(Xl,Xz) :Xl/Xz and
Yo = (X1, X2) = X1 + Xo.
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Function of Two Random Variables Il

e The inverse solutions of y; = x;/x; and y, = x; + x,
are x; = y1y2/(1 +y1) and x, = y2/(1 + y1), and it

follows that
Y2 J1
J= (14—;1)2 (14Ey1) _ Y2
—_)2
(I4y)* (4n) (I+y1)?

e Then the joint probability distribution of Y; and Y, is

MnOLy2) = fxu(n,y2), w2y, y2)] -

4o~ 20132/ (4y1)+y2/(141)) | _ 2
(I+y1)?
— »
— Qe 22
(1+y1)?

y1>0,y2 > 0.
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Function of Two Random Variables il

e We need to find the distribution of ¥ = Y| = X, /X,.

The marginal distribution of Y; is

j%](yl)

/0 Fron (1, y2)dya

=4
4e 2
I

1
(I +y1)
fr(y)

¥2
+y1)?

5,y >0

dy>
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Example: Function of Two N(0,1) |

Example

Let X; and X, be two independent normal random
variables and both have a N(0, 1) distribution. Let
Y = ¥4%2 and v, = 22X Show that ¥, and Y, are
independent.

e Since X; and X, are independent, the joint pdf is

1 =1
Jxyx (X1, %2) = fix, (x1) - fie, (x2) = 7 XD
o X| = ul(Yl,Yz) =Y -1 and
X2 = MZ(YI, Yz) = Y] + Y2.
e The Jacobian

_ Ox1/0y1 0x1/0y>
Oxp/0y1  0x2/0y,

’1 -1

1 1‘:2

1 (X%er%) .
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Example: Function of Two N(0,1) Il
e The joint pdf of Y; and Y; is

le,Yz ()’1;)’2) :fX]XZ [I/tl (y1,y2), ’42()’1,)72)] . ‘J|

= 3 exp{_Tl[(yl —Y2)2+(y1+y2)2]}
27

ST
= ! exp (ﬁ)
(3]
;1_ »
L L&)
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Example: Function of Two N(0, 1) lll

® Thel’efOI’e,thYZ(yl,yz) :le (yl) 'sz(yZ)'
e Y; and Y, both are normal distribution with N(0, 3).
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Example: Function of Multiple Random Variables |

Example

Let X1, X>, ..

., X, be independent and identically

distributed random variables from a uniform distribution

on [0, 1]. Let Y = max{X1, Xz, ..
Z = min{Xl,Xz, 00

e The pdf of Y:

Fy(y)

., X} and

., X, }. What are the pdf’s of Y and Z?

e Xnt <)
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Example: Function of Multiple Random Variables Il

Hence f,(y) = 2 = ny'~1, 0 <y < 1.

Fz(z) = P(Z<z)=Pmin{X},Xs,...,X,} <2)
= 1-PX;>z,....,X,>2)
= 1-PX;>2) x - xP(X,>2)
= 1-(1-2)"

Hence fz(z) = 28 = n(1 — 21, 0<z < 1.
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Moment Generating Function (mgf) Rapanetions of
Definition (Discrete Random Variable) Ching-Han Hsu,

Let X be a discrete random variable with probability mass
function P(X = x;) = f(x;),i = 1,2,.... The function My is
called the moment generating function of X is defined by

Mx(t) = E(etX) = Z e’x’f(xi) (9) Discrete RVs
i=1

Continuous RVs

Definition (Continuous Random Variable)

If X be a continuous random variable with probability
density function f(x), we define the moment generating
function of X by

Mx(t) = E(e™X) = /OO e”f (x)dx (10)

— 00



. . . . Functi f
MGF of Poisson Distribution R O es

Ching-Han Hsu,
Ph.D.

Example

If X is a Poisson random variable, f(x) = f;”, with

parameter A > 0, find its moment generating function.

Solution Discrete RVs

Continuous RVs

o~ e N -
x!

Mx(l) = Z e
x=0

=2 G (Ae)*
- ¢ z% x!

— e—)\e)\e’ — e)\(e’—l) (1 1)



MGF of Exponential Distribution Runctionsiof

Random Variables

Ching-Han Hsu,
Ph.D.

Example

If X is an exponential random variable, f(x) = \e~**, with
parameter A > 0, find its moment generating function.

Solution Discrete RVs

Continuous RVs

. =
Mx(t) = / e e Mdx
0

= A 0oe_"(’\_’)dx
0

= %,t<)\ (12)

7.30



MGF of Normal Distribution(l) Functions of

Random Variables

Ching-Han Hsu,
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Example

If X ~ N(0, 1), find its moment generating function.

Solution

Discrete RVs

Continuous RVs

1 oo

_ 1 ezz/z /Oo e—t2/2etxe—x2/2dx
V2T —68

=] et2/2 |:_127T /_Oo e_(X—l)z/zdx:|

= (13)

7.31



MGF of Gamma Distribution |

Example

If X is a Gamma distribution with pdf

AV y—1,—Xx
Pl \) = X e O0<x<oo

0, elsewhere ’

find its moment generating function.

Mx(1) = E{e’X}—/OOOe’xF)(\;)

B / T A 1Oy
o ()

K le™Mdx
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MGF of Gamma Distribution Il ndom variabi

Random Variables
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Lety = (A —1)x, then x = y/(A — ) and dx = dy/(\ — 1).
We have

o \Y
Myx(t) = / 4 X lem (A=0xgy
0

NG -
%\ y v—1 o 1 J Discrete RVs
— A W <m> e m y Continuous RVs
LY EE
_ A 1y
<>\—t) /0 ey’
A Y
- (A—t)
1

(1 —2/A)

7.33



Properties of MGF Functions of

Random Variables

Ching-Han Hsu,

e Recall the Taylor series of the function e*: "“D
X x? x"
F=14+x+=—+--4+=4-.-
2! n!
Thus
2 Discrete RVs
L )" ontinuous RVs
etle—i—tx—i-m_i__i_(x) + .. Cont RV

e The moment generating of the random variable X is
Mx (1) = E(e¥)
(1X)? (£X)"
= E(1+&X+ ot
2! n!
rPE(X? "E(X"
(), (x")

2! T

= 1+4+tEX)+

7.34



Properties of MGF Functions of

Random Variables

Ching-Han Hsu,

 Consider the first derivative of Mx(r) with respect to ¢ B
and obtain -
E(X"
Mi(t) = E(X) + (E(X?) + - - _|_ntn—1(n') .
Taking ¢ = 0, we have
Discrete RVs
Mg((t)|t=() = M;((O) = E{X} = ux Continuous RVs
» Consider the second derivative of Mx(r) and obtain -

EX"
n—2 (')+
n.

MyY(t) = E(X*) +tE(X?) - 4+ n(n — 1)t

The second moment of X is M} (0) = E{X?}. Then,
the variance of X is given by

V(X) = E{X*} — E*{X} = My(0) — (M(0))*

7.35
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¢ Differentiating k times and then setting ¢ = 0 yields

MY (1) im0 = E{x*} (14)

e If X is a random variable and « is a constant, then Discrete RVs

Continuous RVs

My o(1) = e*"Mx(1) (15) -

Max(t) = Mx(at) (16)

e Let X and Y be two random variables with moment
generating functions Mx(¢) and My(t), respectively. If
Mx (1) = My(¢) for all values of 7, then X and Y have
the same probability distribution.

7.36



MGF of Normal Distribution(ll) Functions of

Random Variables

Ching-Han Hsu,
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Example

Use Eq. (13) to find the first four moments of the normal
rv X.

Solution
5 5 Discrete RVs
° MS((I) = (%e’ /2 = ¢t /2. t=t- Mx(f). Continuous RVs
it =
o MY(t) = Mx(t) + 1t - My(t) = Mx(t) + > - Mx(z).

E{X?} = M}¥(0) = 1.

o MO (1) = (26)- Mx(1) + (1+82)-Mly(t) = (3t+1)-Mx(t).
E{x3} =M (0) =o.

« M (1) = (3+37)  My(r) + (3t + ) - M} (o).
E{x*y =MP(0) = 3.

7.37



MGF of Normal Distribution(lll)

Example

Use Egs. (14) and (15) to find the mgf of a normal
distribution with mean x and variance o2.

e Assume X be a normal distribution with mean p and
variance o>.

o It Z= X% 7 is a standard normal random variable.
e The mgf of X is

Mx(t) = Moziu(t) = e"Moz(1)
= e’”Mz(at)
—  pHtp(01)?)2

e,u,t—l—aztz/Z (1 7)
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Sum of Independent RVs: MGF |

Theorem

IfX,,X»,...,X, are independent random variables with
moment generating functions My, (t), Mx, (1), ..., Mx,(t),
respectively, and ifY = X; + Xo + - - - + X, then the

moment generating function of Y is

My (1) = Mx, (1) - Mx, (1) - - - - - My, (1)

e For the continuous case,

My(l‘) Y) E( 1(X1+Xo+ +Xn))

dxidxy - -

Functions of
Random Variables

Ching-Han Hsu,
Ph.D.

Discrete RVs

Continuous RVs

_ t
B / / it +xn)f(xl7x2""7 )

7.39



Sum of Independent RVs: MGF Il

¢ Since the variables are independent, we have

S, xa, 00, x0) = fx)f (x2) -+ - f (xn)

e Therefore,

My(l)

/ ™ f (xy)dx; - / "2 f (x2)dxa

—00 —0o0

oo
: / " f (x,)dx,

—0o0

My, (1) - My, (1) - - - - - My, (1)
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MGF of Sum Two Independent Poisson RVs Functions of

Random Variables

Ching-Han Hsu,
Ph.D.

Example

Suppose that X; and X, are two independent Poisson
random variables with parameters \; and X,. Find the
probability distribution of ¥ = X; + X>.

Discrete RVs

o The mgf’s of X; and X, are My, (1) = ¢ ~1 and Continuous RVs
My, (1) = ¢~ respectively. -
e The mgfof Y is
My(t) — MX1 (t) 'MXZ([) — e>\1(e’—]) .e>\2(e’_1)
ePitA)(e'=1) (19)

e Therefore, Y is also a Poisson random variable with
parameters A\; + \,.
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