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Introduction

Statistical Inferences:

e We want some methods to make decisions or to
draw conclusions about a population.

¢ We need samples from population and utilize the
information within.

e The methods can be divided into two major areas:
parameter estimation and hypothesis testing.

What is statistics?

e Statistic is a function of observations or random
samples,

o Statistic itself is also a random variable.

e The probability distribution of a statistic is called a
sampling distribution.
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Point Estimation

If X is a random variable with probability function f(x),
characterized by the unknown parameter 4, and if
X1,Xa,...,X, is arandom sample of size n, the statistics
O = h(X1,X,,...,X,) is called a point estimator of 6.

e O is a function of random variables X;, X, ..., X,.

e O is a random variable, too.

¢ When the sample is selected, i.e., a set of
observations x;, x,, ..., x, is available, © takes on a
particular numerical value 6, called the point
estimate of 4.

Question: Can you distinguish the difference among
estimation, estimator, and estimate?
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Point Estimation: Example Point Estimation
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For example, suppose that X is normally distributed with
an unknown mean pu.

e The sample mean X is a point estimator of the oduction
unknown parameter mean p. Goncepts of Point
N = Estimation
o Isj=X?
Method of
Similarly, if the population variance o2 is unknown. Moments
. . . . Method of
e The sample variance $? is a point estimator of the Maximum

Likelihood
unknown parameter o2,

o Is 52 = 527



Statistical Inference Point Estimation
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Statistical inference is concerned with the making
decisions about population based on the information
contained in a random sample from that population.

e The random variables X;, X, ...,X, are a random [Introduction

sample of size n if (a) that X;’s are independent oz il
random variables, and (b) every X; has the same Vethod of
probability distribution. Moments

e A statistics is any function of the observation in a Maximum

Likelihood
random sample.

e The probability distribution of a statistics is called a
sample distribution.
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Statistical Inference Point Estimation

Ching-Han Hsu,
Ph.D.

For example the sample mean

Xi+ X%+ + X,
n

X =

Concepts of Point

Estimation

[ ) }_( = }_((X17X27 “ e ,Xn) IS a funCtIOn Of X17X27 c 7Xn' Method of

e The probability distribution of X is called sampling et
distribution of mean. Method of

Maximum

Likelihood

e The sampling distribution of a statistics depends on
the population distribution, sample size, and the

method of sample selection.
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Sample Mean of Normal Random Sample Point Estimation

. . Ching-Han Hsu,
Suppose that a random sample of size n is drawn from a Ph.D.

normal population with mean 1 and variance 2. Each
observation in this sample, say X;,X5,...,X,, is a
normally and independently distributed random variable
with mean 4 and variance o2. The sample mean

X i+ Xt 4 X, noducion
X = Concepts of Point
n Estimation
) Method of
is a normal distribution ~ N (u, "7) with mean Moments
Method of
Maximum
7 + 7] + ..o+ " Likelihood
px = " = p

and variance




Unbiased Estimators Point Estimation
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Theorem
The point estimator © is an unbiased estimator for the
parameterﬁ if A Introduction
5©) =0, o) -
If the estimator is biased, then the difference petnod of
R Method of
b= E(©) . @ [

is called the bias of the estimator ©.
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Estimators: Sample Mean and Variance

Theorem

LetX,X>, ..., X, be a random sample of size n from the
distribution represented by X with mean . and variance
o?. Show that the sample mean

X1 +X+ -+ X,
n

X:

and sample variance

12
@ iz (Xi = X)
n—1

are unbiased estimators of . and o>.
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Sample Mean is Unbiased

The sample mean is defined as:

c_ XXt X,

The sample mean is an unbiased estimator of .
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Sample Variance is Unbiased Point Estimation
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The sample variance is defined as:

n— 1
Introduction
. X1—|—X2—|— +Xx,17 , o =i
EX*) = E -+ T
n onos
_ X1 X; X X; X, Xi
EXX) = E [ i e e ’} T
n Likelihood

[EX\Xi) + -+ + E(XiX;) + - - - + E(X,X7))]

2 2 2 o’
(np”+0°)=pn +

S|—= S |=



Sample Variance is Unbiased

" (X — X)?
E(sZ) — E Zlil(l )
n—1
1 “ 1 <
- _1EZ(Xi—X)2:n_IZE(Xi—X)2
n i=1 i=1
1 n
= 1 > E(X7 - 2XX +X7)
n—
i=1
1 - 2 2 2 o’ 2 o?
— —22 2 v
n_liZI:(u +o i n+,u+n
1 Gn—-1,
- n—l,Z n 7
i=1
= 0'2

The sample variance is an unbiased estimator of 2.
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Minimal Variance Principle of Estimator Point Estimation
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N
Distribution of ©,

Introduction

N
Distribution of ©, Method of

Moments

Method of
Maximum
Likelihood

Figure 1: The sampling distribution of two unbiased estimators
©; and O,.



Standard Error
Definition
If we consider all unbiased estimator of 9, the one with

the smallest variance is called the minimum variance
unbiased estimator (MVUE).

Theorem

IfX1,X,,...,X, is a random sample of size n from a
normal distribution with mean p. and variance o2, the
sample mean X is the MVUE for .

Definition
The standard error of an estimator © is its standard

~

deviation, given by o4 = 1/ V(©). If the standard error
involves unknown parameters that can be estimated,
substitution of those vales into o4 produces an
estimated standard error denoted by 64, Or s4.
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Standard Error: Example

Example

An article described a new method of measuring the
thermal conductivity of Armco iron. Using a temperature
of 100°F and a power input of 550 watts, the following 10
measurements of thermal conductivity (in Btu/hr-ft-°F)

were obtained:
4160 4148 4234 4195 41.86

4218 41.72 4226 41.81 42.04

¢ A point estimate of the mean thermal conductivity at
100°F and 550 watts is the sample mean

X = 41.924(Btu/hr-ft-°F)
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Standard Error: Example

e The standard error of the sample mean is oy = o/n.

e Since o is unknown, we replace o by the sample
deviation s = 0.284.

e The corresponding the estimated standard error of X

° 0.284
= —— =0.0898.

Vi V10
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Mean Squared Error of Estimator Point Estimation
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The mean squared error of an estimator © of the
parameter 0 is defined as

MSE(©) = E(6 — 0)* = V(©) + (bias)? 3)
Introduction
The MSE can be rewritten as _
: : ORI =4
MSE@) = E©O-0?=E [@ — E(0) +E©) - e} o
Maximum

A 12 ~ 12 Likelihood
- E [@ - E(@)} + [6’ - E(G)} o
+ 2E[(0-E(6))] (0 - E6))

~ A 2 A 2
- E [@ - E(@)} + [9 - E(Q)}
= V(6) + (bias)>



Mean Squared Error of Estimator Point Estimation
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Let ©, and O, be two estimator of the parameter 6.

Let MSE(©,) and MSE(©;) be the mean squared
errors of ©; and ©,.

Introduction

The relative efficiency of ©, and ©, is defined as _

MSE(©1) (4)  henesd
MSE(O,) Method of
Maximum

. . . Likelihood
If relative efficiency is less than 1, we would conclude

that ©, is a more efficient estimator of 6 than ©,, in
the sense that ©; has a smaller mean squared error.



Mean Squared Error of Estimator BT
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A
Distribution of ©4

Introduction

L A Method of
Distribution of ©» Moments

Method of
Maximum
Likelihood

6 E(é\l)

Figure 2: A biased estimator O, that has smaller variance than
the unbiased estimator O,.



Moments

Definition

Let X1, X>, ..., X, be a random sample from the
probability distribution f(x) (discrete or continuous). The
kth population moment (or distribution moment) is
E(X*),k =1,2,.... The corresponding kth sample
moment is

1 n
E(X") ~ ZE X k=1,2,...
i=1

Example

The first population moment is E(X) = p, and the first
sample moment is %Z?:l X; = X. The sample mean is
the moment estimator of the population mean.
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Moment Estimators

Theorem

LetX1,Xs,...,X, be a random sample from a probability
function with m unknown parameters 01, 6,, ... ,6,,. The
moment estimators ©,,0,, ..., ,, are found by equating
the first m population moments to the first m sample
moments and solving the resulting equations for the
unknown parameters.
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Moment Estimators: Exponential Distribution Point Estimation
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Example (Exponential Distribution)

Suppose that X, X», ..., X, is a random sample of an
exponential distribution with parameter A:

flx) =Xe™, 0<x< 0. (5)

Introduction

Concepts of Point
Estimation

A is the only parameter and E(X) = p = . _

When E(X) = X, this results in 1 = X. Method of

Maximum

Therefore, \ = % is the moment estimator of \. Likelihood

Consider the failure rate of a part, we have collected
the following failure time:

X1 = 11.96,)62 = 5.03,)63 = 67.40,)64 = 16.07,X5 =
31.50,x6 = 7.73,x7 = 11.10, xg = 22.38. Then,
x=21.65and \ = 1 = 1. =0.0462.




Moment Estimators: Gaussian Distribution

Example (Gaussian Distribution)

Suppose that X, X», ..., X, is a random sample from a
normal distribution with parameters ;. and 2. For the

normal distribution E(X) = p and E(X?) = u? + o>
Equating E(X) = X and E(X*) = 1 3" X? gives

_ 1 <&
p=X, @tot=-3% X
i=1

e The moment estimator of ; is i = X.
e The moment estimator of o2 is

2
52 S X —n (3 Y X) _ > (Xi —
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X)?

n n

This is a biased estimator of o2.



Moment Estimators: Gamma Distribution

Example (Gamma Distribution)

Suppose that Suppose that X;, X5, ..., X, is a random
sample from a gamma distribution with parameters v and
Al

AV~ 1 e*/\x

f7,A) = { ')

0<x <
0 elsewhere,

For the gamma distribution E(X) = 3 and E(X?) = "’(7;{1).
The moment estimators are found by solving

V_g 20+D 1=,
T_% = -V x
A ’ A2 n; !
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Moment Estimators: Gamma Distribution
e The resulting moment estimators for v and A are:

XZ
V= e
ZZ?:lXiZ_XZ

< X
A= lzn X2 _x2

n i=1“

e Consider the failure rate of a part, we have collected
the following failure time:
x1 = 11.96,x, = 5.03,x3 = 67.40,x4 = 16.07,x5 =
31.50,x¢ = 7.73,x7 = 11.10, x3 = 22.38. We have
x=21.65and Y} | x? = 6639.40. Then

21.652
y = =1.29
£+ 6639.40 — 21.652
. 21.
A\ = 63 = 0.0598

& - 6639.40 — 21.652
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Moment Estimators: Gamma Distribution Point Estimation
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e When ~ = 1, the gamma distribution reduces to the
exponential distribution. Introduction

Concepts of Point

e 5 = 1.29 is slightly greater than 1, it is quite possible Estimation

that either gamma (\ = 0.0598) or exponential
(A = 0.0462) distributions would provide a reasonable F
model for the data. Maximum

Likelihood



Point Estimation

Maximum Likelihood Estimator
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Definition
Suppose that X is a random variable with probability

distribution f(x; #), where 6 is the single unknown
parameter. Let x1,x,, .. .,x, be the observed values in a

random sample of size n. Then the likelihood function Iniroduction
of the Sample is (E‘zgt?;z;iitsnof Point
Method of
L(8) =F(x130) - f(x23 0) -+ £ (33 6) (6)  Moens

The maximum likelihood estimator (MLE) of ¢ is the -

value of 6 that maximizes the likelihood function L(#)

0 = arg max L(0) (7)



Maximum Likelihood Estimator BT
« Note that the likelihood function is a function of only ~ Pho.

the unknown parameter 6.

e Forany ¢ # 0, L(¢) < L().

e If x; < xp, then logx; < logx,. This is known as the
monotonically increasing property of the log function.

o If 0 is a maximizer of L(9), then 6 is a maximizer of Inroduction
IOg L(9 ) . (E);Jt?r?grzitjnof Point
e The function [(0) = log L(0) is called as the S ——

logarithmic likelihood function. Moments

e For a discrete distribution, the likelihood function of -

the sample L(0) is simply the probability:

P(X1 =x1,X2 = X2, , Xy = X3 0)
= P(X1 =x1;0) - P(Xp = x2;0)--- P(X;, = x5 0)

HP i = x;;0



MLE: Bernoulli Distribution

Example

Let X be a Bernoulli random variable. The probability
mass function is

px(l _p)17x7 X = 07 1
0, elsewhere,

f(xp) :{

where p is the parameter to be estimated. The likelihood
function of a random sample of size n is

Lip) = PXi1=x1;0)-P(Xo =x2;0)---P(X,, = x;0)
p(L=p) p2(L=p)' 2 p (L= p)' T

n
= [[po(1 —p)' ™ = pZimt¥i(1 — p) iz
i=1

Show that the MLE of pis p = 1 3™ | X;.
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MLE: Bernoulli Distribution
e The corresponding logarithmic likelihood function is

I(p) =logL(p) = > xilogp+ (n—> xi)log(1 —p)
i=1 i=1

¢ To find the maximizer, we take the first derivative of
I(p) w.r.t. p:
dl(p) _ D ic1 X _ (n— > %)
dp p l—p
e Then, equating this to zero and solving for p:

D it Xi _ (n =221 xi)

P I-p
n n
1=-p)> x = mp—p)> x
i=1 i=1
p = Z?:lxi

n
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Point Estimation

MLE: Exponential Distribution
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Example

Let X be exponentially distributed with parameter A. The
likelihood function of a random sample of size n is

A) = [[re ™ = N A X

Introduction

Concepts of Point
Estimation

Find the MLE of \.
Method of

Moments

e The log likelihood of L()\) is -

I(X\) =logL(\) =nlog A — )\in

i=1

o Take the derivative of l()\):

dl(\) dlogL
dX Zx’

9.31



MLE: Exponential Distribution

e Now equating this to zero, we have

n 1 1

X = = ) = -
Z?:l X; i Xi X
n

e The ML estimator of X is the reciprocal of the sample
mean.
e This is the same as the moment estimator.
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MLE: Exponential Distribution

likaihood

Figure 3: Likelihood function for the exponential distribution,
using the failure time data: x; = 11.96,x, = 5.03,x;3 =
67.40,x4 = 16.07,x5 = 31.50,x6 = 7.73,x7 = 11.10, xg = 22.38.

Likelihood Funtion: n = 8

et |-

000
lamixda
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Point Estimation

MLE: Exponential Distribution

Ching-Han Hsu,
Ph.D.

Logarithmic Likelihood Funtion: n = 8
T T

Introduction

logikelihood
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0es 000
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Figure 4: Logarithmic likelihood function for the exponential
distribution, using the failure time data:

X1 = 11.96,)62 = 5.037)63 = 67.40,)64 = 16.077)C5 = 31.50,)66 =
7.73,x7 = 11.10,x3 = 22.38.
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MLE: Multiple Parameters

e The MLE can be used in situations where there are
several unknown parameters, say 6,6, ..., b.

e The likelihood function is a function of kK unknown
parameters.

e The ML estimators {©;} would be found by equating

the k partial derivatives of likelihood function to zero:

aL(elv 927 s 79/()

=0
00;

and then solving the resulting system of equations.
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Point Estimation

MLE: Normal Distribution with Unknown 1 and o
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Example

Let X be normally distributed with mean p and variance
o2, where 1 and o2 are unknown. The likelihood function
of a random sample of size n is

=w? u) 1 D> (x;—p)2 Introduction
| | 20 = 7€ 202 Concepts of Point
V 271'0' (271'02) 2 Estimation
Method of

Moments

Find the ML estimators of 1 and o2. -

e The corresponding logarithmic likelihood function is
l(p,0%) = logL(p,0”)
_ h 2 IR 2
= —Elog (27ra ) ~ 5.3 Z(xl- — )

i=1
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Point Estimation

MLE: Normal Distribution with Unknown 1 and o
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e Taking partial derivatives w.r.t. x and o?:

dlog L(p, 0%) 1 &
.~ 2 (xi—p)=0
H i=1
0 IOg L(u, 0'2) n 1 " ) Introduction
ologhtip,o7) _ . n 1 20 |
507 207 * 208 2051 co o
Method of
. Moments
e The ML estimators of . and ¢ are :
l & -
ﬂ = - Xi = X
n i=1
1 n
5’2 = - (xi — 5()2

n
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Properties of MLE

Theorem
Under very genera/ conditions, when the sample size n is
large and if © is the maximum likelihood estimator of the
parameter 0,
(1 Xe) is an approximately unbiased estimator for 0, i.e.,
E(©) =0,
@® the variance of © us nearly small as the variance that
could be obtained with any other estimator, and

® O has an approximate normal distribution.

e Properties (1) and (2) state that the ML estimator is
approximately an MVUE.

e To use ML estimation, remember that the distribution
of the population must be either known or assumed.
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Properties of MLE: Asymptotic

e Consider the ML estimator of o2, the variance of the
normal distribution. We have

. Iy v
6 = . Z(x,- - X)?
i=1

—1
E@?) = 17252
n

e 52 is a biased estimator of o2. The bias is

-1
E(&z)—azzn o’ — o’ =
n n

—0

e The bias is negative so that 62 tends to
underestimate 2.

e Asn — oo, 6% asymptotically converges to o2. Then,
&2 is an asymptotically unbiased estimator of o2.
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