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Autocorrelatoin Function

In the following, we consider Z; as a stationary process, and, without loss
of generality, we assume E(Z;) = 0.

The autocovariance function of Z; at lag k, k =0,1,..., is defined by
Tk = E(ZtZt+k)'

Definition
The autocorrelation function (ACF) of Z; at lag k, k =0,1,..., is defined
by px = vk /70 = Corr(Zs, Zr 1)
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Partial Autocorrelation Function

Definition

The partial autocorrelation function (PACF) of Z; at lag k, k =10,1,...

is defined by

P, = Pk if k=0,1,
Corr(Zy — Z}, Zeyk — Z7y), ik >2,

where Z; and Z;, , are the best linear predictor of Z; and Z;,
respectively based on Zii1,. ., Zitk—1-
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Remark 1. We say Z , is the best linear predictor of Z;, 4 based on
Ziy1y o Lokt if

*

tik = 12ty k-1 + o+ o124,
= a1 Zeppoa(k— 1),

where Z, o 1(k — 1) = (Zesk—1,---,Ze+1) " and
aq
Q1= : = arg énil[]—l E(Zesk — ' Zeqn—1(k — 1))
n
Q1
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Remark 2. To express a1 in terms of v, k =0,1,..., define

f(n) = E[Zeqx — UTZt+k—1(k -2

It is easy to verify that

f(n) =9 — 2vi_1m +n' Re_1m,

where y,_1 = (Y1,...,7-1) ' and
70 "o Yk=2
'Yk-—2 ’Yk-—3 7-0
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Setting 8f(") =0, one gets —27x_1 + 2Rx_1m = 0, which yields

n* =R vk 1.

2f(n)

6817 = 2Ry _1 is positive definite, we conclude that

Furthermore, since

* -1
ak-1=m =R Z;vk-1.
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Py can be expressed as

~T
Ok T Oy 1Vk—1

P— =L,
~ T T p-1
where 61 = (ak—1,...,01) and C =y — v,_1R - Vk-1.
proof. First notice that
Ziik—1 Zit1
T . T
Zivk =0y : and Z = a4
L1 Ziik—1
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The above equations give

Cov(Zy — Zf, Zerk — Zivk) = Bl(Ze — ZE)( ek — Zii)]

Yk—-1 Yk—-1 Q1
=w—er | | ma | 0| FekiRea
7 ga! a1
Vk—1
=% — oy :
!

Similarly, we have
E(Z: — Z:)2 = E(Zeqx - Zt*+k)2 =7 — ’YkT—le_—lfYk—l-

Then the required result follows immediately from the definition of
correlation coefficient. O]
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Definition
Define

bk = (1, - k)| = arg rg]'Rnk E[Zeri — € Zepka (K.
C

P = duk.

proof. Consider the following two minimization problem,

g1(€) = E[Zeik — (1 Zpsh1 + -+ + cko1Ze-1 + &k Ze))?,
g2(¢c) = E[Ziik — (aZiyhr+ -+ cx1Zio1 + a(Ze — Z))]2
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Let d = arg min g« g2(c). Using the similar argument as Remark 2, we
obtain

-1

Zt+l<—1 Zt+k—1Zt+k
Ziiq Ziv1Ze 4k
Ze = 2f (Ze = Z7) Zesi

In addition, by the fact that E(Z;4i(Z: — Zf))=0,i=1,...,k—1, and
E((Z: — Z})Ze1 k) = PkE(Z: — Z})?, we have

0= (% ez zm) (e o) = (57 ©
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We next show that g1(¢«) = g2(d). Define

. kal 0
A= (a2, 1)

Then, by definition of Z; and ¢, one gets

gz(d) = E[Zt+k - (dlzt+k—1 + -+ dk(Zt - Z:))]z
= E[Zok —d"AZ, 1 (K)]?
> E[Zerk — 4 Zera—1(K)]? = g1(r).

Similarly, it can be shown that

gi(p«) > g2(d).

As a result, g1(¢«) = g2(d).
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By the fact that E[Z;x—i(Zrik — gbIZHk_l(k))] =0,i=1,...,k we

have

g2(d) = E[Zpk — (1 Zeqk—1 + -+ + du(Ze — Z})))P
= E[Zeik —dTAZ, 1 (K))P

— E[Zeok — b Zeskor (k) — (ATd = 61) T Zesia ()

= g1(px) + (ATd — ¢i) "R(ATd — ¢by).

Since Ry is positive definite, ATd — ¢ = 0 and the desired result
follows.
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