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Abstract

In this paper, we assume that observations are generated by a linear regression model with
short- or long-memory dependent errors. We establish inverse moment bounds for k,,-dimensional
sample autocovariance matrices based on the least squares residuals (also known as the detrended
time series), where k, < n, k, — oo and n is the sample size. These results are then used to
derive the mean-square error bounds for the finite predictor coefficients of the underlying error
process. Based on the detrended time series, we further estimate the inverse of the n-dimensional
autocovariance matrix, R, !, of the error process using the banded Cholesky factorization. By
making use of the aforementioned inverse moment bounds, we obtain the convergence of mo-
ments of the difference between the proposed estimator and R, ! under spectral norm.
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1 INTRODUCTION

Consider a linear regression model with serially correlated errors,

P
w=xiB+z=> vubi+an t=1--,n, (1.1)

i=1
where x;’s are p-dimensional nonrandom input vectors, 3 is a p-dimensional unknown coefficient
vector, and {z:} is an unobserved stationary process with mean zero. Let X; = (x5, -+, Zn;),
1<j<pandy = (y1, - ,yn). It is natural to estimate z = (21,--- , 2,)" via the least squares

residuals

z2= (2, %) = (I - Mp)y = (I - M)z, (1.2)
where M, is the orthogonal projection matrix of Sp{X1,--- ,%,}, the closed span of {Xi,---,%,}.

Note that z is also known as the detrended time series; see Chapter 1 of Brockwell and Davis
(1991). Since many time series data are only available after being detrended, investigations for
some commonly used statistics based on z are quite relevant. Let {o; = (015, ,0ni) ;i =1,--- , 1},



1 <r < p, be an orthonormal basis of sSp{X1,--- ,%Xp}. It is well-known that M, =Y. ; 0;0}, and
hence

T
Z=7— ZVmOi, (13)
=1

where v, = o}z. Denote by Amin(A) the minimum eigenvalue of the symmetric matrix A. The
main objective of this paper is to establish

B (RK) | =E {A;?nQZzt(k)z;(k))} =0(1), (1.4)

t=k

where ¢ is some positive number, z;(k) = (Z¢,- -+, 2_k+1)’, {2t} can be a short- or long-memory
process, and k = k,, is allowed to tend to co as n — co. By (1.3),

20(k) = 2o(k) = Y _vinoy” (k), (1.5)
i=1

where z;(k) = (2, - ,zt,kﬂ)/ and ogl)(k) = (0t ,01—k+14)- When the time trend vectors x;
are known to be zero for all 1 < ¢ < n (which yields y = z = z and z,(k) = z,(k) for all k <t <n),
(1.4) plays a major role in developing estimation, prediction and model selection theories of {z;}.
For example, assuming that {z;} is a stationary gaussian autoregressive (AR) model of finite order,
Fuller and Hasza (1981) established (1.4) with k being a fixed positive integer. They further applied
this result to analyze the biases and mean squared errors of the least squares estimators of the AR
coefficients, and to provide an asymptotic expression for the mean squared prediction error of the
corresponding least squares predictor. In order to establish some rigorous prediction and model
selection theories, Bhansali and Papangelou (1991), Findley and Wei (2002), and Chan and Ing
(2011), respectively, extended Fuller and Hasza’s (1981) result to non-Gaussian AR models of finite
order, multivariate time series models, and nonlinear stochastic regression models. All these results,
however, require that k is fixed with n. On the other hand, Ing and Wei (2003) allowed that k = k,
approaches oo at a suitable rate and established (1.4) under a class of short-memory processes. Their
result was then used by a number of authors to deal with prediction and model selection/averaging
problems in some misspecified time series models; see, e.g., Ing and Wei (2005), Zhang, Wan and
Zou (2013) and Greenaway-McGrevy (2013).

If x; are nonzero for some 1 <t < n, then z is in general not observable and z can be used in
place of z to conduct statistical inferences for {z;}. As shown in Section 3, some of these inferences
can also be justified theoretically using (1.4) with z;(k) # z:(k), whose proof, however, is still lacking
due to technical difficulties. In this article, we shall fill this gap by extending Ing and Wei’s (2003)
argument to the case of z¢(k) # z(k); see Theorems 1 and 2 of Section 2. Note that one major
step in Ing and Wei’s (2003) proof is to show that for any v € R¥ with ||v| = 1, the conditional
distribution of v'z;(k) given o(es,e5_1,...) is sufficiently smooth when ¢ — s is sufficiently large
and the distribution of €; obeys a type of Lipschitz condition, where || - || denotes the Euclidean
norm, {e;} is the white noise process driving {z} and o(es,e5_1,...) is the o-field generated by
{e1,—00 < I < s}. In view of (1.5), the corresponding property in the present case is that the
conditional distribution of vlit(k) given o(zs,... 21, Vin, - - - Vrn) is sufficiently smooth when ¢t — s
is sufficiently large. However, since {viy, ...V} are determined by all 21, ... z,, we need a new



distributional assumption on {2}, (C1), to establish this property. In fact, even if (C1) is imposed,
this property may still fail to hold once \V/ogj )(k:)] or Yo, o?j is large for some 1 < j < r; see
Appendix. Fortunately, we argue in the proof of Theorem 1 that the number of such (t,s) pairs
is small, and hence Ing and Wei’s (2003) approach can be carried over to the present case after a
suitable adjustment. Moreover, by making use of Theorem 2.1 of Ing and Wei (2006), we derive
sharp upper bounds for E(2,),1 < i < r under a mild dependence assumption, (2.1), on {z}. This
enables us to relax the short-memory assumption made by Ing and Wei (2003).

The rest of the paper is organized as follows. In Section 2, we begin with introducing (2.1),
(C1) and the other two conditions, (C2) and (C3), which place mild restrictions on the design

matrix X = (x,... ,xn)/ and the spectral density Aof {2}, respectively. Under these assumptions,
Theorem 1 provides an upper bound for E(A_{ (R(k))), with k = k, = o(n) and 2z;(k) # z(k).

While this bound still approaches co as k, does, it is a stepping stone on the path to proving
(1.4) when z; is assumed to be a linear process driven by a white noise with finite moments up
to a certain order. For more details, see Theorem 2. In Section 3, we assume that z; admits an
AR(oc0) representation and give two interesting applications of Theorem 2. The first application
is devoted to the mean-square error bounds for the finite predictor coefficients obtained from 2z
and an AR(k,) model; see Theorem 3. It is worth mentioning that although this kind of results
has been pursued by many authors (e.g., Bhansali and Papangelou (1991), Chan and Ing (2011),
Findley and Wei (2002), Masuda (2013), Jeganathan (1989) and Sieders and Dzhaparidze (1987)),
no results have been established for detrended time series so far, even in the short-memory case.
The second application focuses on the problem of estimating the inverse of the covariance matrix of
z, R, := E(2z ). When 2;(k) = z;(k), Wu and Pourahmadi (2009) established the consistency of the
banded covariance matrix estimators of R, under short-memory time series. McMurry and Politis
(2010) subsequently generalized their result to the tapered covariance matrix estimators. Based on
these developments, it is easy to construct a consistent estimator of R, ! by inverting a consistent
banded (or tapered) estimator of R,,; see Corollary 1 of Wu and Pourahmadi (2009). Although these
estimators perform well in the short-memory case, they are not necessarily suitable for long-memory
time series whose autocovariance functions are not absolutely summable. In particular, the banded
and tapered estimators of R, may incur large truncation errors in the long-memory case, thereby
failing to achieve consistency. To rectify this deficiency, we estimate R, ! directly using z and the
banded Cholesky decomposition. We further apply Theorem 2 to develop the moment convergence
of the difference between the proposed estimator and R,;! under spectral norm; see Theorem 4.

2 Inverse moment bounds

Assume that in model (1.1), {z;} is a stationary time series whose autocovariance function, v; =
E(ztz44), satisfies

=0 (), (2.1)

for some 0 < d < 1/2. As mentioned in Section 1, the main purpose of this section is to establish
(1.4) with z;(k) # z:(k). To this end, we need the following assumptions. Define

Fn = {zn:smzm : Zn:szn = 1}.
m=1

m=1



(C1). There exist positive numbers «, § and My such that for any 0 < u—v <, any f, f1, -+, fr, €
Fn and any n > 1,

P(U<f/771/2§u|f1,--- ,ka> < Mp(u —v)“ a.s., (2.2)
k1
provided n = n(f, fi, -+, fx;) = min E(f—ch-fi)2>0.
(cl PR 7ck:1 )’ERkl i=1

(C2). There exist an orthonormal basis, {01, -+ ,0,}, of 5p{X1,--- ,%X,}, and constants 0 < §; < 1
and 1 < o < 0o such that for all large n,

[nd1]

2
max 05 < — 2.3
1< &Y dor (23)
1=

where |a| denotes the largest integer < a.

(C3). The spectral density of {z:}, f.()), satisfies

f(N)#0,—m <A< (2.4)

Remark 1. Conditions (2.1) and (C3) are fulfilled by many short- and long-memory time series
models encountered in general practice. For example, they are satisfied by the linear process,

Zt = ijé‘t_j, (25)
7=0

where &;’s are independent random variables with E(e;) = 0 and 0 < E(e7) = 02 < 00, and b;’s are
real numbers obeying

bp=1,0p =0 (l*Hd) , for some 0 < d < 1/2, (2.6)
and
e —ijA|2
§|ije |©#0, forany —m <A< (2.7)
j=0

A well-known special case of (2.5)-(2.7) is the autoregressive fractionally integrated moving average
(ARFIMA) process,
¢(B)(1 = B)*z = 0(B)e,

where 0 < s < d, B is the backshift operator, ¢(z) = 1—¢12—- - -—pp2zP and 0(2) = 14012+ - -+6,29
are polynomials of orders p and g, respectively, |p(2)0(z)| # 0 for |z| < 1, and |¢(z)| and |6(z)]
have no common zeros. In the sequel, the process is denoted by ARFIMA(p, s, q), which has short
memory when s = 0.

Remark 2. In the case of z:(k) = z;(k), conditions like (C1) have been frequently used to
establish results similar to (1.4); see, e.g., Bhansali and Papangelou (1991), Papangelou (1994) and
Katayama (2008). In the case of z:(k) # z:(k), (C1l) can be used in conjunction with (C2) and



(C3) to show that the conditional distribution of V/it(/{?) given o(zs, ... 21, Vin, - - - Vpp) is sufficiently
smooth (in the sense of (2.15)), provided ¢ — s is sufficiently large, ]v/o,gj )(kz)\ is sufficiently small
and s < |ndi|. As will become clear later, this is a key step toward proving (1.4) in the latter
case. When z; is a linear process, (C1) is usually more restrictive than (55) of Findley and Wei
(2002) and (K.2) of Ing and Wei (2003), which impose Lipschitz-type conditions on the distribution
functions of &;. However, (C1) enables us to handle the conditional distribution of v'z;(k) given
0(zsy...21,Vin,- .- Vrp) in a more mathematically tractable way, noting that v, can be arbitrary
linear combinations of z1, ..., z,. Condition (C1) is easily satisfied by any Gaussian process with
non-degenerate finite-dimensional distributions. While it is possible to verify (C1) under non-
Gaussian processes or linear processes with errors satisfying some smoothness conditions, the details
need to be treated separately and are not pursued here.

Remark 3. Condition (C2) is satisfied by most commonly used design matrices. One typical
example is x; = (1,¢,...,t*~1)",p > 1, which implies F(2,%) — 0 as |t — s| = oco. Condition
(C2) can even accommodate design matrices yielding that E(ZsZ;) is not negligible for large |t — s.
To see this, let X = (1,0,...,0,1)/, and hence r = 1, o1 = (1/v/2,0,...,0, 1/\[) and (C2)
is satisfied by any 0 < §; < 1 and 1 < 3 < 2. In addition, since Z; = (zl —2p)/2 = —Zp,
limy, 00 E(212,) = —70/2 # 0. This example also points out a fundamental difference between z;
and z; because by (2.1), E(zszt) = v:—s always converges 0 as |t — s| — oo.

The next theorem generalizes Lemma 1 of Ing and Wei (2003) to situations where 2¢(ky,) # z:(k»)
and > 75| is allowed to be unbounded.

Theorem 1. Assume (1.1), (2.1) and (C1)-(C3). Suppose k,, =< n’* with 0 < 0; < 1. Then for any
q,t >0,

E (0l (R(ka))) = 0 (k57).

Proof. Let wy = z4(ky)2}(ky), M be a sufficiently large constant whose value will be specified

later, and g, = L%};ﬂ“j Some algebraic manipulations imply

gn—1 Mkp,—1
)\mlqn (R(kﬂ)> < nqu?n Z Z Wy l+j+kn
j=0 1=0
gn—1 Mk,—1
< qu Z )\mm< Z wgnl+j+kn> ) (2.8)
=0

where C', here and hereafter, denotes a generic positive constant independent of n. Let ¢« > 0 be
arbitrarily chosen. If for all j =1,--- , g, — 1 and all large n,

Mky,—1
E< mm( Z wgnl%nﬂ)) < Ok (2.9)

holds true, then this, in conjunction with (2.8), yields the desired conclusion.



The rest of proof is only devoted to proving (2.9) with j = 0 since (2.9) with j > 0 can be proved
similarly. Let b} = k% and £ > max{[(3/¢) 4+ 1]¢/2,[(2d/01) + 1](¢/2t) + q/2}. Then, it follows that,

Mk, —1 0 Mkn—1
E( mm( Z We i+ )) < b+ /b P( > ||zgnz+kn<kn>u2>u2€/Q/kn)d

+ / P (Gn(p))dp := b}, + D1y, + Day, (2.10)

*
n

where

Mk,—1 ) Mk,—1
Gn(p) :{ inf > (Vg (kn)” <7V D gk, (Rl Su%/q/kn}-

Ivi=1 9= =0
By (2.1), Theorem 2.1 of Ing and Wei (2006), Holder’s inequality and [jo;||? =1, 1 <i < r,

1+2d
n
2)<C Y JojilTm < Cn?dzo <cn¥,  1<i<r (2.11)

In view of (2.11), Chebyshev’s inequality and the definition of £, we get

k3 + kon?d
Din=C k,(% Q)i/q

=o(1). (2.12)

We next give a bound for Ds,. Following the argument given in page 137 of Ing and Wei (2003),
it can be shown that for any u > 1, there exists a set of k,-dimensional unit vectors vi,- -+, Vy=,
with m* = m*(p) < (|u€t1/2/9] + 1)k~ such that

m* Mk,—1
P(Gn(p)) < ZP< ﬂ ‘V./]-ignl+kn(kn)‘ < 3H1/2q>
J= 1=0

Mkn—1
= { H I m} (2.13)

7=1

where Ej(p) = {|[ViZg,1+k, (kn)| < 3u~'/24} and the dependence of v; on u is suppressed for
simplicity.

In what follows, we shall show that for any 1 < j < m* and pu > 1, there exist positive integers
ri < Mk, —1land l1; <---< lrm’ < Mk, — 1 such that the mean-square error of the best linear

predictor of nggnlp+1,j+kn (kn) based on vy, ...,V and zq,... Zgnly j+kn 1S bounded away from 0
for all large n and all 1 <p <7r; —1,1 <5 <m* and p > 1. To achieve this goal, first express
vj as (vj1, -+ ,Vk,) . For 1 <j<m*and 0 << Mk, — 1, define v;(l) = (w1, ,wy)’, where

w; = vjs if i = gl + ky, — s+ 1 for some 1 < 5 < ky,, and 0 otherwise. Let 0 < 0 < 1,

) h 02(d2 — 1) '
Lh(J):{z;\v; Jon| = [vio gn)Hkn(k: )|2m,0§l§Mkn—1 , and L(j U



noting that & is defined in (C2). Since ||o||? =1, 1 < h < r, it holds that for all 1 < j < m* and
p> 1, 8L(5) < r{(2r'/289) /[62(52 — 1)]}? := D. Choose 0 < &, < &; and set

={1:0<1<|0\Mk,| — 1,1 & L(j)}.

Now define {lyj,--- 1, ;} = L(j), where [, j <1, if s < t. It is readily seen that for all 1 < j < m*
and p > 1, r; > | 8] Mky,| — D. By making use of (C2) and (C3), we show in Appendix that for all
largenandall 1 <p<7; —1,1<j<m*and > 1,

2
gnlp j+kn

min E (lpt1,5) chym - Z djzj | =, (2.14)

(e1,++,cr)ERT,
agnly, i+k
(A1 gy, ;i )ERT P T

where 7 is some positive number independent of n,p,j and u. Therefore, the property mentioned
at the beginning of this paragraph holds true.

By (2.14), (C1) and V}Zg,1, , ;+k, (kn) = Vj(lpt1,)2 — D2 Vin V' (lp+1,5)0i, it follows that the
conditional distribution of vz, 1, ., ;+k, (kn) g1ven Dj(p) = 0(Vins s Vrny 215" 5 Zguly j+hn ) 1S Uni-
formly smooth in the sense that for all large n and all 1 <p <7r;_1,1 < j<m* and p > 1,

P (‘Vﬁgnlwl,ﬁ-kn (kn)‘ < 3/”[1/2(1‘ DJ'(P))
D; (P))

M, (6@1/2“*1/2‘1)& a.s. (2.15)

T r
= P (—3/1,1/2q + Z umv;-(lpHJ)Oi < V;(lp+17j)z < 3/1,71/211 + Z VmV}(lp_H’j)Oi
i=1 =1

IN

Equipped with (2.15), we are now ready to provide an upper bound for E(Hz 0 n—1 IEjz(u))

which further leads to an upper bound for Dy,. Let L®)(j) = {I; oo Apit, 1 <p<r;. By (2.15)
and r; > | 6] Mky| — D, one has for all large n and all 1 < j < m* and p > 1,

Mky,—1
E( 11 ij,l(m) <P H I, 0
=0

leL(j
< B II 1o.wE <1Ej,zrj,j(u> Dj(rj—1)>
1L ()
s Mo (6ﬂ_1/2'u_1/2q>aE H IEj,l(M)
1eLmi V()
any |8 Mky,|—D
< {MO (69*1/2M*1/2q) } : . (2.16)

Choose M > (2§ + 1)/(ad}). Combining (2.16) and (2.13) yields that for all large n, there is a
positive constant, M, independent of n such that

adi Mk, —aD — (2§ + 1)k,
Dop < MF» [ 4 2q dp < C. (2.17)
b

*
n




Consequently, (2.9) with j = 0 follows from (2.10), (2.12) and (2.17). O

Remark 4. When 1 < k, = k < oo is fixed with n, Theorem 2.1 of Chan and Ing (2011)
generalizes Lemma 1 of Ing and Wei (2003) in another direction. In particular, their theorem shows
that for any ¢ > 1,

n
E { sup A% (! Z z:(k, )z, (k, 9))} = 0(1), (2.18)
96@ t=k
where z,(k,0) = (2(0),...,z_,+1(0)) and {z(0)} is a stationary time series indexed by 8 € @
with ® being a compact set in R® for some 1 < s < co. Equation (2.18) can be used to establish
moment bounds for the conditional sum of squares estimators in ARMA models; see Theorem 3.3
of Chan and Ing (2011). Clearly, (2.18) reduces to (1.4) with z:(k) = z:(k) if © only contains
one point. On the other hand, since z,(0), like z;, depends only on the information up to time ¢,
the proof of (2.18) is more closely related to that of Lemma 1 of Ing and Wei (2003) (or Property
A of Findley and Wei (2002)) than Theorem 1. Indeed, the proof of Theorem 1 follows similar
arguments put forth in Findley and Wei (2002) and Ing and Wei (2003) up until equation (2.13),
and the arguments between (2.13) and (2.17), focusing exclusively on Z;, are new to the literature.

For an n x m matrix A, define its spectral norm ||All2 = (supjxjj=1,xcrm x' A’ Ax)Y/2. Then,
Theorem 1 implies that for any ¢,¢ > 0,

. q
E HR_I(kn)HQ — O(KI+). (2.19)
This result serves as a stepping stone to proving (1.4), or equivalently, for some g > 0,
. q
E HR*l(k;n) L =00, (2.20)

under additional assumptions. To introduce the details, set R(k) = E(zx(k)z),(k)). According to
(2.1) and Proposition 5.1.1 of Brockwell and Davis (1991), R~!(k) exists for any k > 1.

Theorem 2. Assume (1.1), (2.5)-(2.7), (C1) and (C2). Suppose

sup  E (|e¢|*™") < oo, for some q1 > 2, (2.21)
—oo<t<oo
and
. 1 1 11 1
kn < n’t, where 0 < 01 < 1 if0<d< Z,and0<91 < i_dlfi <d< 7 (2.22)

Then, for 0 < q < q1,
q

, = o). (2.23)

and (2.20) follows. Moreover, if (2.21) and (2.22) are replaced by

E H]:Tl(kn) ~ R (k)

sup  F (Je]?) < o0, for any q >0, (2.24)
—oo<t<oo
and
. 1 1 1 1
knxnl,wher60<91<§ if0<d< T and 0 < 601 <1—2d7,f1<d<§, (2.25)

respectively, then, (2.20) and (2.23) hold for any q > 0.



Proof. We first assume that (2.21) and (2.22) hold true. By

q
<
2

q

|87 k) = B )| < |27 )

| &0ka) = R(k)

, , 1R (kn) |5 - (2.26)

(2.1) (which is implied by (2.5) and (2.6)), (2.21) and an argument used in Lemma 2 of Ing and
Wei (2003), it follows that

kit ‘ 1

W’ B Zf 0<d< Z,

R 1 a 1
E | &(k,) — R(ky) Zl <!{ cC < Og”) K if d=7. (2.27)

n
k, \“ 1 1
| C <n1_2d> 5 Zf Z <d< 5
Moreover, (2.7) yields

sup }|R*1(k)H2 < 00. (2.28)

k>1

Consequently, (2.20) and (2.23) follow from (2.19), (2.22), (2.26)-(2.28) and Hélder’s inequality.

If in place (2.21), we assume (2.24), then the ¢; in (2.27) can be replaced by any ¢ > 0. This
modification, together with (2.19), (2.25), (2.26), (2.28) and an argument similar to that used in
the proof of Theorem 2 of Ing and Wei (2003), yields that (2.20) and (2.23) hold for any ¢ > 0,

which leads to the second conclusion of the theorem.

Remark 5. When (2.25) is restricted to 0 < d < 1/4 and k, < n% for some 0 < 6; < 1/2,
the second conclusion of Theorem 2 can be modified as follows: (2.20) and

E Hfrl(kn) . R*l(kn)Hq —0 < i ) (2.29)

2 n4/?2

hold for any ¢ > 0. Equation (2.29) is a strengthened version of (2.21) of Ing and Wei (2003), which
gives the same rate of convergence of E||R™!(k,) — R~ (k,)||3 in the case that 2;(k,) = z(k,) and
{2} is a short-memory process.

3 Applications

Throughout this section, we assume that z; admits the following AR(c0) representation:

(o)
Zgy1 + Z AiZt41—i = Et41, (3.1)
i=1
where
a; = 0@ 1), with 0 < d < 1/2. (3.2)

Note that (3.1) and (3.2) include the ARFIMA(p, s,q) model, with 0 < s < d, as a special case.
Denote the coefficient vector (ay,as,...)" by a. This section aims at estimating a and R,,! = R~ (n)
based on the detrended series 21, ... 2,, and providing the corresponding mean convergence results
using Theorem 2.



3.1 Estimation of a

We first consider a finite-order approximation model corresponding to (3.1),

k
Zt+1 + E a;i(k)ze41—i = €41k,
=1

where a(k) = (ay(k), -, ar(k))" minimizes E(zp41+ 12t + -+ cpzer1-x)2 over (c1,- -+ ,cx) € RF.
The least squares estimator of a(k) based on 21,--- , 2, is given by
n—1

a(k) =arg  min E (Bio1 4 13+ - 4 criip1-n)>
(e, sox) €RF —

Estimating a by the finite predictor coefficients a*(k) = (a&’(k),0,---)’, the objective of Section 3.1
is to establish the moment convergence of ||a*(k) — a|| to zero. As shown in the next theorem, this
goal is achievable if k = k,, approaches co at a suitable rate.

Theorem 3. Assume (1.1), (2.5)-(2.7), (C1), (C2), (3.1), (3.2) and (2.24). Suppose ky, satisfies
(2.25). Then for any q > 0,

E[[& (ky) — all’ = o(1). (3.3)
Proof. Clearly,
18" (kn) — al|” < C{l|akn) — a(ka)[|? + la*(kn) — al|*}, (3.4)

where a*(k) = (a’(k),0,---)". It follows from (C3) that

2y 4/2
o
la*(kn) —a||! <CQE Z QiZt41—i
i=kn+1
2y 4/2
k' ? o0
< CKE Z A Z¢41—i + F Z Qi Zt41—i . (3.5)
i=kn+1 Lk}/dj—l-l

By Theorem 2.1 of Ing and Wei (2006),

Ln/4)

—1
E Z a;izgp1—i | < Ck, 7,
i—Font1

and by (3.2) and Minkowski’s inequality,

10



The above two equations, together with (3.5), give
|a*(k,) — al|? < Ck, /2. (3.6)

On the other hand, by Theorem 2 and some algebraic manipulations, one gets

q

1
Ela(k) ~atk)|? < CE 3 [&7 0| %Z JERERACANCS)
n—1 2q 12
< clE %Zzt(kn) (o1 + 2)(kn)alkn)) . (3.7)
t=knp,

Moreover, it follows from (3.4) and the proof of Lemma 4.2 of Ing, Chiou, and Guo (2013) that

2
1 q

Z (21 + 2y (kn)a(kn))|| <C { (’j’;)q + <nl1_2d>q + (#)q} (3.8)

t=kn
Consequently, (3.3) is ensured by (3.4), (3.6), (3.7), (3.8) and (2.25).

Remark 6. In many applications, trend estimation can also be performed by first estimating

the coefficients, £ = ('rl, h1, .- - ,(bk)/, in an AR model around a deterministic time trend,
k
ye =X, + Z PsYi—s + €, (3.9)
s=1

and then plugging the estimated coefficients into the formula, u; = E(y;) = ¢ '(B)w;, where
#(2) =1—¢1z— - — ¢pz" # 0 for all |z| <1 and w; = x}7. Here we assume |u;| < oo for any
—00 < t < 00. Denote by £ the least squares estimator of &, where & satisfies

( Z WtW;)é: Z Wilt,

t=k+1 t=k+1

with wy; = (x},y,_,(k))" and y:(k) = (¥s,...,Y—rs+1) . In the following, we shall illustrate the
moment convergence of ||é — £|| via an approach somewhat different from the one used in Theorem
3. To simplify the exposition, we only consider the case where (3.9) is correctly specified and
1 < k < oo is fixed with n. Assume also that there is a k X p matrix T (independent of t) such that

’

Txt = —(Ut—1, -5 U—f) - (3.10)

Note that the T obeying (3.10) in the case of x; = (1,t,...,t?~1),p > 1 is given in Appendix B of

Ing (2003). Equation (3.10) yields w; = Hw; = (x},2, ,(k))’, where with I,,, and 0,,, xm, denoting
the m-dimensional identity matrix and the m; X mo zero matrix, respectively,

_ Ip Opxk
Ho- ().
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and z;(k) = (2, ., 2t—k+1) With zx = yp —wy = ¢~ (B)es. Let X; = (Tpg14s- - ,l’m')/ and define

E = diag(||x1]],- -, [|1%pl]),
vV - ( :E_1 ‘ 0p><k >
= 0 —1 2[ ’
kxp ‘ n k

and R(p+ k) = V(i WiWE )V'. When X = (Xy,--- ,%,) is nonsingular and the distribution
functions of &; satisfy some smoothness conditions, it can be shown that for any ¢ > 0,

E|R™ (p+ k)5 = O(1), (3.11)

provided sup_ ;- E(|et|) < oo for ¢4 large enough (depending on g). Moreover, Lemma 4 of
Ing and Wei (2003) implies

E| Y Vwie|?=0(1), (3.12)
t=k+1

under sup_ ;oo E(|et]*!) < 00 for s > max{2, ¢}. Now, the intended moment bound,

E|€ - €]|” = o(1), (3.13)

follows from (3.11), (3.12), ||€ —&|| < | V|2|[H|[2|| B~ (p+ k)]|2]| > i1 VWiet||, Holer’s inequality
and an additional assumption, minj<;<, ||X;|| — 0o as n — co. For x; = (1,¢,...,#*~1)", (3.11) has
been reported in Lemma B.1 of Ing (2003), which is also closely related to Lemma 1 of Yu, Lin
and Cheng (2012). In fact, because w; contains deterministic components and is (e, €41, .. .)-
measurable, the proof of (3.11) is different from that of (2.20) (or (1.4)) not only in the case of
z¢(k) # z4(k), but also in the case of 2z;(k) = z;(k) (see Remark 3 of Yu, Lin and Cheng (2012)
for some discussion). Another important difference between (2.20) with z:(k) # z:(k) and (3.11)
is that whereas the latter is obtained under the non-singularity of X and minj<;<, ||X;| — oo as
n — oo, these restrictions are not necessary for the former. Finally, we remark that the proof of
(3.13) is more involved when (3.10) fails to hold. It is expected that an argument used in the proof
of Lemma 2 of Yu, Lin and Cheng (2012) can be generalized to establish the desired property. The
details, however, are beyond the scope of the present article.

Remark 7. When x; = 0 for all ¢ and {2} is a short-memory process, several research stud-
ies related to Theorem 3 have been conducted and reported in the literature. For example, it is
shown in Corollary 2 of Wu and Pourahmadi (2009) that

[an,; —a(n)| = op(1), (3.14)

where | — oo at a rate much slower than n and a,; = E;j'?n, with Y1 = (Fi—jlji—j|<i)1<ij<n,

. _ —|k ~ ~ ~ N/ ~ . oy
e =n"t Z:L:l‘ | ziZiglhp kB = 0,£1,...,£(n = 1), 4, = (1, ..,9) and % = ¥;l};)<;- In addition,
Corollary 1 of Bickel and Gel (2011) shows that

15,0 —a)ll = 0p(1), (3.15)

where p/n — 0 asp — oo and n — oo and %f,’,,n = Bk(Rp,n)_l’yp, with Bk(}?pm) = (;Yi—jl\i—ﬂgk)lgi,jgpv
Yp = (31, - - ) s and k < (n/p)% for some 0 < §y < 1. Note first that since (3.14) and (3.15) focus
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on convergence in probability instead of convergence of moments, assumptions like (C1) (or (K.2)
of Ing and wei (2003)) are not needed for these two equations. In addition, the moment conditions
used to derive (3.14) and (3.15) are much weaker than that of Theorem 3. On the other hand, the
proofs of (3.14) and (3.15), depending heavily on 372 |v;| < oo, are difficult to be extended to
long-memory time series. Moreover, while Theorem 3 leads immediately to ||a*(ky) — al| = 0p(1),
(3.14) and (3.15) cannot guarantee the moment convergence of ||a,; — a(n)|| and H7A-g,n —a(p)|. In

fact, the latter results are remain unestablished because of the lack of moment bounds for |31
and || Bi(Bpn) 2.

3.2 Estimation of R;'

Since R, is symmetric and positive definite, it has a modified Cholesky decomposition (see, for
example, Wu and Pourahmadi (2003)),

T, R, T = Dy, (3.16)
where T}, = (ti;)1<i j<n is a unit lower triangular matrix with
0, if1 < g;
tii=14 1, if i = j;
ai_j(i—1), f2<i<nand1<j<i-—1,

and
D, = diag(’yo,UQ(l), e ,02(71 - 1)),

with o2(k) = E(zi41 + a,(k)z(k))2. In view of (3.16), R;;' can be expressed as
R} =T!D,'T,. (3.17)
We further assume that a;(m)’s obey (C4) and (C5):

(C4) There exists C7 > 0 such that for 1 <i <m and all m > 1,

d
m
. < ) .
astm)] < il (- )

(C5) There exist 0 < 6 < 1 and Cy > 0 such that for 1 <i < Jm and all m > 1,

\az(m) — ai| S ng|ai|.
m

Conditions (C4) and (C5) assert that the finite-past predictor coefficients a;(m),i = 1,...,m ap-
proach the corresponding infinite-past predictor coefficients a1, ao, ... in a nonuniform way. More
specifically, they require that |a;(m)/a;| is very close to 1 when i = o(m), but has order of magni-
tude m(1=94 when m — i =< m? with 0 < # < 1. This does not seem to be counterintuitive because
for a long-memory process, the finite order truncation tends to create severer upward distortions in
those a;’s with ¢ near the truncation lag m + 1. When {2} is an I(d) process, (C4) and (C5) follow
directly from the proof of Theorem 13.2.1 of Brockwell and Davis (1991). Moreover, it is shown in
Theorem 2.1 of Ing, Chiou and Guo (2013) that (C4) and (C5) are also satisfied by ARFIMA(p, d, q)
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model. For a more detailed discussion on these two conditions, see Section 2 of Ing, Chiou and Guo

(2013).
To consistently estimate R;;! based on Z, we begin with a truncated version of (3.17),
T, (k) Dy (k)T (k) b > 1, (3.18)
where Tn(k?) = (tij<k))1§i,j§m with
0, ifi<j,or k+l<i<nandl<j<i—k-—1;
by (k) = 1, if i = j;
K o ai_j(i—l), if2§i§kand1§j§i—1;
a;—j(k), ifk+1<i<mandi—k<j<i-—1,

and
Dn(k) = diag(70702(1)7 e 702(k)7 T 702(k))'

We then estimate R,,! using a sample counterpart of (3.18),

CWF) =Ty, (k) Dy (k)T (), (3.19)
where T}, (k) is Tp, (k) with a(l) replaced by a(l) for 1 <1 < k and D, (k) is D, (k) with ~o replaced
by 40 = n~ L SO0, 22 and ¢2(1) replaced by 62(1) = (n — 1)~ S0 Gea + a,(D2(1))? for 1 < 1 < k.
To obtain moment convergence results for HCA',(L’C) — R |2, we need some auxiliary lemmas.

Lemma 1. Assume (2.5)-(2.7), (3.1), (3.2), (C4) and (C5). Then for2 <k <n < oo,

1 , 1 . [lognlogk 1/2
| = Tk Dy (R)Tu (k)| < O =) (3.20)
where C* > 0 is independent of n and k.
Proof. See Theorem 2.2 of Ing, Chiou and Guo (2013).
Lemma 2. Under the assumptions of Theorem 3, we have for any q > 0,
E 3 (kylog k)2 a(k) — 7% =o(1). 21
{ Gontog )72 e 1ah) — a1} = o) .21
Proof. By Theorem 2, it holds that
A q . q
el < ] o
(ax B[Rk < B[R (k)| = O(1) (3.22)

Using (3.22) and the same argument as in (3.7) and (3.8), we obtain for 1 < k < k,,,

Ela(k) —a(h)|” < O { ()" () (;“d)} ,

which in conjunction with (2.24) yields that for any £ > 0
q/2 A(k) — q
(ki log kn)"E max [a(k) —a(k)]|

/2 q/2 q
log k k2T log ky kL tE log k) 1/2kLHE
- c <<0g ) ) . ( Uoghy) . ( Uoghy) (329

n nl—2d nl—2d
Now, the desired conclusion (3.21) follows immediately from (2.25) and (3.23).
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Lemma 3. Under the assumptions of Theorem 2, we have for any q > 0,

B Dy k)|

=0(1). (3.24)
Proof. Note first that

Dyt (k)

, = max{io o (1), 67 ()} (3.25)
It is straightforward to see that

Aot < Ak (R(ky + 1))

and for 1 < k < k,,

A~ A~

672(k) < AL (R(k+1)) < AL (R(kn +1)).

min min
These equations, together with (3.25) and Theorem 2, yield (3.24).

Lemma 4. Under the assumptions of Theorem 3, we have for any q > 0,

"= o(1). (3.26)

(1og kn)7E || D7 (ka) = D™ (k)|

Proof. By Lemma 3 and Holder’s inequality,

B (||p7 () = 7' ka)|[) < B{| D7 ko)) || Dath) = Duth)|| D7 k)13 }
< C(EHD (kn) — Dy (kn) 3q>1/3 (3.27)
< nlkn) = Daha)| ) .
It is easy to see that
D1t = D), < e {150 = ol s 16200 — o201} (3.25)

By (2.1), Lemma 2 of Ing and Wei (2003), Theorem 2.1 of Ing and Wei (2006) and some algebraic
manipulations, it can be shown that

) log kn)2logn\ Y% [logk,\?
(log k) Elq0 — 0|7 = O <<W> + <nlg_2d> = o(1). (3.29)

An argument similar to that used to prove (3.23) further yields that for any & > 0,

1<k<kn n
a 14+£\ 9 17226\ ¢
log Ky, kS log ky)kn, log k) (logn)*/“kp,
<( n1‘22l ) <( n2‘1d ) i <( )7(11/2 : =o(l),  (3:30)

where the last inequality is ensured by (2.25). In view of (3.27)-(3.30), the desired conclusion (3.26)
follows.
The main result of this section is given as follows.
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Theorem 4. Under the assumptions of Theorem 3, one has for any q > 0,

£ew - gy

n

‘;’ = o(1). (3.31)
ProoF. Clearly,

A(k) _ 1

n n

L = IR - Tk Tk

2} . (3.32)

CE) — T (k) Dy () T ()

n

* |

Note first that Lemma 1 and (2.25) implies
15 = T3 () D3 (i) T (i) [, = 0(1)- (3.33)

In addition, by Proposition 2.1 of Ing, Chiou and Guo (2013), ||T},(k»)|l2 = O((log k,)*/?). Moreover,
an argument similar to that used in the proof of Proposition 3.1 of Ing, Chiou and Guo (2013) yields
| Ty () — T(kn) |3 < Cky maxi<p<p, [|a(k) — a(k)||3. These latter two inequalities, together with
Lemmas 2-4 and

< |Tahn) = T ln) 2105 i) 2 (T (n) = T (in)ll2 + 1T (K ) )
HI T () 2l Dz (k) = Dy (k) 2 (1T (ki) = T (on) ll2 + 1T (B ) [12)
H| T (k) 120D (k) 2l T (ki) = T () 2,

imply E||C — T (k) Dt (kn) T (k) || = o(1) for any ¢ > 0. Combining this with (3.32) and
(3.33) leads to (3.31).

éo(zk) - Tﬁ(kn)Dil(kn)Tn(kn) 9

n

APPENDIX

Proof of (2.14). Note first that for any 1 < j < m*(p) and 1 < k <r; — 1, the left-hand side of
(2.14) is bounded below by Apin(E(w(j,k 4+ 1)W'(j,k +1))), where

W(]’ k+ 1) = (Vg(lk+17j)z7 Vin, =y Vrns Bs(4,k)s #s(G,k)—1> """ 721)/

with s(j, k) = gnlkj + kn. Moreover, we have
Amin (E(w(j, k+1)w'(j, k+ 1))) > Amin (Bn) Amin (G (4, k + 1))

> )‘min(Rn))‘min (B,(j: k+ I)B(j, k+ 1)) )‘min(F(ja k+ 1))7 (A-l)
where
. B G*(j,k+1) | A,k +1)
GU? bt 1) B < A(Ja k + 1) ‘ Is(j,k)
1 01Vi(lkt15) -+ oVillks1y) | O e 0
01V (lkt1,5) 1 i 0 Os(jk),l -  O11

= 0,V (lk+1,5) 0 "' 1 Os(GGk)r 70 O |,
0 Os(ik)1 " Os(ik)r
: : ' : Ly
0 011 R 01y
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. B Lt | Opi1yxs(ik)
BU? bt 1) B < A(]a k+ 1) ‘ Is(j,k) ’

and

F(j,k+1) = (B 'j,k+1)Glk+1)B(j,k+1)
( Gk +1) =AU k+DAGE+1) | 0pi1)xsin) ) .
055 k) x (r+1) L5 k)

By (2.28), it holds that for any n > 1, there exists [; > 0 such that
Amin(Rn) > 1; > 0. (A.2)

Since

. . -[7‘ 0 r s(q . / .
B’(y,k+1>B<g,k+1>=( g el )+<A<J,k+1>,fs<j,k)><A<y,k+1>,fs<j,k>>,
s(g,k)x(r+1) | Vs(4,k)xs(4,k)

one obtains from straightforward calculations that for any v' = (v}, v,) € R™1H50R) with |lv|| = 1,
v € Rt and vy € RS(J’k),

V' B'(j,k+1)B(j,k + 1)v
= [lo1]? + [val® + v, A (G b + D AG, k + o1 + 20,435,k + 1o,

{ loa|I?, it flogf] = 1/2,
1= 2floa|[[AG, E + Dli2floall, if Jlod]] < 1/2.

In addition, (C2) implies that for all large n and all 1 <k <r; —1land 1 <j < m*(p),

1AG & + DI < te(A' (. k + DA k +1)) < rmax D of <67,
which, together with the above equation, yields that for all large n and all 1 < k < r; — 1 and
1<j<m*(p),
Amin(B'(j, k + 1)B(j, k +1)) > min{1/4,1 — 6, /*}. (A.3)

Moreover, it follows from (C2) and the definition of Ij ; that for all large n and all 1 <k <r; —1
and 1 < j <m*(un),

Amin(F (4, k 4+ 1)) > min{1, \pin (G*(j, k + 1) — A'(j,k + 1) A(j, k + 1))}
> min{1, Amin(G*(j, k + 1)) — |A(j, k + 1)|13}

[nd1]
> 1-2r'? max = max max |01V (lhg)| — rmax [
1=
02(09 — 1 1
ST B S (A.4)
0o 0o

The desired conclusion (2.14) now is ensured by (A.1)-(A.4).
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