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Lecture 1 : Linear block codes I

Lecturer: Yen-Ming Chen, National Sun Yat-sen University.
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Kk Example: Repetition code for BSC channel
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/* A binary block code of length n with 2* codewords is called an (n, k) \
linear block code iff its 2 codewords form a k dimensional subspace of the
vector space V of all the n-tuples over GF(2).

% For a binary (n, k) linear block code C, there exists k linear independent basis
g0,81,...,8k_1 such that every codeword v in C'is a linear combination of
these k linearly independent basis.

% Example: Systematic (7,4) Hamming code

1000 1 1 1
0 1 0 01 1 0
G = , For a length-4 message vector u, the
0 01 01 0 1
000 10 1 1]

corres_ponding codewordv=u-G
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/* Let u = (ug, u1, ..., ux_1) be the message to be encoded. The codeword

o

v = (vg,v1, ..., vy_1) fOr this message is given by

V =1up8o +~ U181 + T Uk—18k—1

g0
g1
= u =u-G
_gk—l_
go 4go.0 go,1
g1 g1.,0 gi1.1
where G = | =
8ik—1 _gk—1p Jdk—1,1

is a generator matrix of C.
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/ % A code C can be regarded as the row space of G. \

% A generator matrix of a given (n, k) linear block code is not unique. Any choice
of a basis of C gives a generator matrix of C'. The rank of a generator matrix of
C'is equal to the dimension of C.

% Since a binary (n, k) linear block code C'is a k-dimensional subspace of the
vector space V of all the n-tuples over GF'(2), its null (or dual) space, denoted
Cy4, is an (n — k)-dimensional subspace of V given by
Ci={weV:wv' =0forallveC}.

1. C; may be regarded as a binary (n,n — k) linear block code and is called the
dual code of C.

2. Lethg,hy,....h, 1 be the n — k linearly independent codewords of Cj
Form the following (n — k) x n matrix over GF'(2).
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hy
h
H =
hn—k—l
ho,0 ho 1 . hon—1
hi,0 hi 1 e hin—1
hn—k-10 hpn—k—11 -+ ‘p—k—1n-1

Then H is a generator matrix of Cy.




/* H-G' = O(n—k:)xk: \

% C'is also unquely specified by the H matrix as follows:
C={veV:Hv' =HG"u' =0}
H is called a parity-check matrix (PCM) of C' and
C'is said to be the null space of H.

% In general, encoding of a linear block code is based on a generator matrix of the
code and decoding is based on a parity-check matrix of the code.

% A parity-check matrix H is said to be a full-rank matrix if its rank is equal to the
number of rows of H.

* A linear systematic (n, k) block code is completely specified by a k£ x n generator
matrix of the following form

G = [Ik Pk:x(n—k:)]

\ The P submatrix of G is called the parity submartix of G. A generator matrix inj
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/ this form is said to be systematic form.

%* Given a k x n generator matrix G of an (n, k) linear block code C' not in
systematic form, a generator matrix G in the systematic
form can always be obtained by performing elementary row operations on G’
and then possibly taking column permutations. The k£ x n matrix Gz is called a
combinatorially equivalent matrix of G .

% The systematic (n, k) linear block code C generated by G is called a
combinatorially equivalent code of C’. Two combinatorially equivalent (n, k)
linear block codes give the same error performance.

% If a generator matrix of an (n, k) linear block code C is givenby G = [I;, P,
then its corresponding PCM in systematic form is givenby H = [P I,_;]. It
can be easily shown that HG ' = 0.
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/* Example:

i Prsc(n—i)]
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0 0 1 0 1 0 1
0O 0 0 1 0 1 1
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0 1 0 0 1

= G =

1 1.0 1 0 0
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H=1 1010 1 0] =[P/ _pyxx Intl




/* Syndrom decoding:

Letuz{l 1 0 1}

Encoding: v=u-G = [1 1 01 0 1 0}
If one bit error happens under BSC channel, and the received signal vector

z:[l 1 1 1 0 1 O}ZV—FHZV—I—{l 1 1 1 0 1 O}

-
Hz'=H-(v+n)' =H-G"-u' +H-n' = [1 0 1}

= the third column of H.
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